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'For more details see (Cunningham et al., 2022; Cunningham and Ray, 2023)
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e F/Q, denotes a p-adic field.
o G =GL,(F) and G = GL,(C).

@ A langlands parameter ¢ : W x SLy(C) — G is an admissible
representation.

o \:=\ys: Wr — G defined by

AMw) = ¢ (w,diag <\w|1/2’ |w|_1/2>>

is the infinitesimal parameter associated with ¢.

Def": Cuspidal Support Category

Rep, (G) denotes the category of smooth representations of G' with
cuspidal support cut out by the Langlands correspondence applied to
G-conjugacy classes of \.!

'For more details see (Cunningham et al., 2022; Cunningham and Ray, 2023)
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Standard Reps and pKLH

e For m € Rep,(G) irreducible, A(7) denotes the Zelevinsky standard
representation with unique irreducible quotient 7.2

2For more details see (Bernstein and Zelevinsky, 1977; Zelevinsky, 1980)
3For more details see (Achar, 2021; Cunningham and Ray, 2023)
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Standard Reps and pKLH

e For m € Rep,(G) irreducible, A(7) denotes the Zelevinsky standard
representation with unique irreducible quotient 7.2

@ We are interested in determining the multiplicities of irreducibles in
Jordan Holder series of A(m)

J(A()) = {m(x; )’ : 7' € Rep,(G)"", m(r'; w) = multiplicity}

2For more details see (Bernstein and Zelevinsky, 1977; Zelevinsky, 1980)
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Standard Reps and pKLH

e For m € Rep,(G) irreducible, A(7) denotes the Zelevinsky standard
representation with unique irreducible quotient 7.2

@ We are interested in determining the multiplicities of irreducibles in
Jordan Holder series of A(m)

J(A()) = {m(x; )’ : 7' € Rep,(G)"", m(r'; w) = multiplicity}

Idea behind pKLH

If m := (m; ;)i jer is the multiplicity matrix for standard representations in
Rep, (G), then m = 'm9° for m9¢° a matrix of simple perverse sheaf stalk
dimensions.3

2For more details see (Bernstein and Zelevinsky, 1977; Zelevinsky, 1980)
3For more details see (Achar, 2021; Cunningham and Ray, 2023)
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Geometry: Moduli Space of Langlands Parameters

Vogan Variety

The Vogan Variety associated with A is defined as
Vi = {M € Lie Z5(A\(Ip)) : A(fr) MA(fv) " = qpM}

where gr = |k(OF)| and Ir < W is the inertia subgroup.*

1Further details in (Cunningham et al., 2022, Sec. 4.2)
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Geometry: Moduli Space of Langlands Parameters

Vogan Variety

The Vogan Variety associated with A is defined as

Vi = {M € Lie Z5(A\(Ip)) : A(fr) MA(fv) " = qpM}

where gr = |k(OF)| and Ir < W is the inertia subgroup.*

In the case of G = GL,,(F'), an infinitesimal parameter A is characterized
by the image of frobenius which is a semi-simple element of the form

A(fe) = diag(¢%, ..., q;"’l)

foreg > --->ep_1 € %Z and a specific choice of basis.

1Further details in (Cunningham et al., 2022, Sec. 4.2)
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Conjugation Action and Toy Example

H) := Zz(A\(Wr)) acts naturally by conjugation on V).
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Conjugation Action and Toy Example

H) := Zz(A\(Wr)) acts naturally by conjugation on V).

Toy Example: Take G(F) = GLy(F), G = GLy(C), and
A(fe) = diag (q;/z, q;1/2). Then

n={(y §) era@ioech m={(} })cam@E:nnec
2

V\ has two orbits under the action by Hy:

C0={<8 8)} 01={<8 “g) eMQ,Q(C);xeCX}
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Perverse sheaves

@ Perg, (V)) denotes the category of equivariant perverse sheaves on
V).

®For more details see (Cunningham and Ray, 2023; Achar, 2021; Cunningham et al.,
2022).
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Perverse sheaves

@ Perg, (V)) denotes the category of equivariant perverse sheaves on
V).

Thm: Simples for GL,(F)

The simple objects of Perg, (V) for G = GL,,(F) are of the form

{ZC(1¢) : C € Orbsy, (Vi)} (1)

®For more details see (Cunningham and Ray, 2023; Achar, 2021; Cunningham et al.,
2022).
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Perverse sheaves

@ Perg, (V)) denotes the category of equivariant perverse sheaves on
V).

Thm: Simples for GL,,(F)

The simple objects of Perg, (V) for G = GL,,(F) are of the form

{IC(]lC) 10 e OrbSHA(V)\)} (1)

Ch(Vectc)

n+1

®For more details see (Cunningham and Ray, 2023; Achar, 2021; Cunningham et al.,
2022).
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The Algorithm: Goal

e For C, C' e OrbSHA(V)\),

m&z, = (=) " (—1)" dim H*(ZC(10))e,,
nez

for o € C'.
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The Algorithm: Goal

e For C, C' e OrbSHA(V)\),

mgéeool = (—1)dmC Z "dimH"(ZC(1¢))z.
nez
for xcv € .

New/Equivalent Goal

Determine the chain of vector spaces H"(ZC(1¢))x,, for all Hy-orbits
C, C' of V)\.
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The Algorithm: First Induction

Rmk: Partial Ordering on Orbits
We define a partial ordering on H-orbits in V) by

C<(C < ccc’

®For further details see (Zelevinskii, 1981; Bernstein and Zelevinsky, 1977;

Zelevinsky, 1980)
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The Algorithm: First Indu

Rmk: Partial Ordering on Orbits
We define a partial ordering on H-orbits in V) by

C<(C < ccc’

1. Find and store orbits using Zelevinsky multisegment machinery.®

2. Proceed inductively up the poset tree layer by layer.

(/‘1 11

Cino
Ve ~N
Cin Cow
N Ve

( 000

®For further details see (Zelevinskii, 1981; Bernstein and Zelevinsky, 1977;
Zelevinsky, 1980)
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Rmk: Partial Ordering on Orbits
We define a partial ordering on H-orbits in V) by

C<(C < ccc’

1. Find and store orbits using Zelevinsky multisegment machinery.®
2. Proceed inductively up the poset tree layer by layer.

C
Tl Cin
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C 110 C 110
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Cuo Cowo Cioo Cowo
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Cooo Cooo
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Rmk: Partial Ordering on Orbits
We define a partial ordering on H-orbits in V) by

C<(C < ccc’

1. Find and store orbits using Zelevinsky multisegment machinery.®
2. Proceed inductively up the poset tree layer by layer.

! 2
Ot Cin Ci
Y \
Cho Clg Cho
/ \ / ,/T 'f\\
Cuo Cowo Cioo Cowo Choo Cowo
o e I A N e
Cooo Cooo Cono
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The Algorithm: First Induction

Rmk: Partial Ordering on Orbits
We define a partial ordering on H-orbits in V) by

C<(C < ccc’

1. Find and store orbits using Zelevinsky multisegment machinery.®

2. Proceed inductively up the poset tree layer by layer.

, . .
Cin Ciyy Ci Cin
\ .
Cho Chio Cho Co
~ N e ~ A N e N
Cuo Cowo Cioo Cowo Choo Cowo Choo Coo
~ - o A ~ e ~ ~
Cooo Cooo Cono Cooo

®For further details see (Zelevinskii, 1981; Bernstein and Zelevinsky, 1977;
Zelevinsky, 1980)
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The Algorithm: Smooth Closures

General Result’
If C,C" are H)y orbits of V), then
Q@ ZIC(1¢)z, = Cldim C] for zc € C

Q IC(]lc) =0 for Tor € c'if ' f C

Tor

"For further details see (Achar, 2021)
8For further details see (Achar, 2021)
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The Algorithm: Smooth Closures
General Result’

If C,C’ are H) orbits of V,, then
Q@ ZIC(1¢)z, = Cldim C] for zc € C
Q IC(]lc) =0 for Tor € c'if ' f C

el

Smooth Closure®

If C,C" are Hy orbits of V\ with C' smooth and C’ < C, then

IC(]lc) = (C[dlm C]

Tt

"For further details see (Achar, 2021)
8For further details see (Achar, 2021)
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The Algorithm: Singular Closures

@ We wish to find a smooth space C with a proper birational map
7:C—C

@ This problem has a known solution in the case of H) orbits in V), for
G = GL,.°

9For further details see (Abeasis, Del Fra, and Kraft, 1981; Reineke,-2001)
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The Algorithm: Singular Closures

@ We wish to find a smooth space C with a proper birational map
7:C—C

@ This problem has a known solution in the case of H) orbits in V), for
G = GL,.°

Figure: Resolution of Singularities through blow-up (Hatcher, Algebraic Geometry)

9For further details see (Abeasis, Del Fra, and Kraft, 1981; Reineke,-2001)
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The Algorithm: Decomposition Theorem

Decomposition Theorem

If C'is an Hy orbit in V) and 7 : C — C is a resolution of singularities,
then T(ﬂ.)

RmIC(lgs )= @ PH/(RmIC(1s )i
i=—r(m)

r(r)

P P m(c;o)zeice) i

i=—r(m) C'<C

12

where (1) = maxcr <o (dim ¢’ + 2dim 7~} ({z¢/}) — dim C).1°

For further details see (Cataldo and Migliorini, 2007)
"For further details see (Achar, 2021)
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The Algorithm: Decomposition Theorem

Decomposition Theorem

If C'is an Hy orbit in V) and 7 : C — C is a resolution of singularities,
then T(ﬂ.)

RmIC(lgs )= @ PH/(RmIC(1s )i
i=—r(m)

r(r)

P P m(c;o)zeice) i

i=—r(m) C'<C

12

where (1) = maxcr <o (dim ¢’ + 2dim 7~} ({z¢/}) — dim C).1°

e Forxz e C,

(RRZC(Lg, ) = HY(x" ({a}))[dim O

For further details see (Cataldo and Migliorini, 2007)
"For further details see (Achar, 2021)
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The Algorithm: Second Induction
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The Algorithm: Second Induction

v
Ch Cin
Chio Chio
2l v b
Cioo Con Choo Coro
, .
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The Algorithm:

Second Induction

(Ylll

(*vl 10
Cioo Cono

i
('(](Ni
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The Algorithm: Second Ind

¥ Y N
Ciu Cin C Cin
- 2
Chio Chio Chio Cuo
~ ~ P ~ i ~ ~
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The Algorithm: Second Induction

Chit Cint Ciy Cin
Chio ( ';| 0 Cho Clio
- ~ ~ ~ ~ -~
Cioo Cow Choo Coo Choo Coin Choo Cowo
Cooo e 000 Choo 4 y- Cooo
@ Restricting to C’,
r(m)
IC(1)ee, ® €D mi(C; C)VIC(Ler )y, [—i]
i=—r(m)
7(m)
/ . / .
> IC(Lo)ey, @ P mi(C';C)Cldim €’ — ]
i=—r(m)

equals H*(m~*({z¢/}))[dim O] after removing occurrences of
mi(C”;C)ZC(]lC//)xC, [*Z] for ' < C" < C.

E Ea (UofC) Geometric Algorithm E.T. 2023 13/21



The Algorithm: Multiplicity

o We set m;(C’; C) = the dimension of the vector space shifted by
dim C" — 4, for i € [0, r(m)].

2For further details see (Cataldo and Migliorini, 2007)
3For further details see (Achar, 2021, Lem 3.3.11)
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The Algorithm: Multiplicity

o We set m;(C’; C) = the dimension of the vector space shifted by
dim C" — 4, for i € [0, r(m)].

@ By Poincaré-Verdier Duality we can then determine
m_;(C"; C) = m;(C"; C) for each i.1?

2For further details see (Cataldo and Migliorini, 2007)
3For further details see (Achar, 2021, Lem 3.3.11)
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The Algorithm: Multiplicity

o We set m;(C’; C) = the dimension of the vector space shifted by
dim C" — 4, for i € [0, r(m)].

@ By Poincaré-Verdier Duality we can then determine
m_;(C"; C) = m;(C"; C) for each i.1?

Rmk: Support

The non-trivial vector spaces for H"(ZC(1¢))s,, are located in degrees n
(or shifts —n) such that dim C’" < —n < dim C, with equality
—n = dim C’ if and only if ¢’ = C. 3

2For further details see (Cataldo and Migliorini, 2007)
3For further details see (Achar, 2021, Lem 3.3.11)
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Known Cases

Can we use this to determine all IC's yet?
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@ Not in general due to cohomology computations.
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Known Cases
Can we use this to determine all IC's yet?

@ Not in general due to cohomology computations.

Known Cases:
I1. A(fr) = diag <q§;1_1)/2,q?_3)/2, ...,q;(n_l)ﬂ), Vy = C?

12. A(fr) = diag qllw/Q, ...,q};/Q,q}:l/g,...,qgl/z , VA= My (C)

l k

13. )‘(ft) = dlag QIl«"a qg‘v ey q[})7'7 q;‘la "'7q;1 , V)\ = Ml,ﬁ((c) X Mﬁ,k((c)
v X
k
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Example of a Known Case

In the case of G = GL5(F), with A(fr) = diag(gk, ¢%, ¢%, q}l,qgl),

mz;\eo |Cooo |Co10 |CIOO |0110 |0111 |0200 |0211
IC(]lcOOO) C[O] 0 0 0 0 0 0
IC(Lowy) | C[2) Cp2] o o o 0 o0
IC(]lCmO) C[?)} D (C[l] 0 (C[S] 0 0 0 0
IC(]lClm) (C[Zﬂ D (C[Q] (C[Zﬂ (C[4] (C[4] 0 0 0
IC(ley,) | Cl5l@C3 C5l@cs C Cb5 ¢ 0 0
IC(]lCQOO) (C[4] 0 (C[4] 0 0 (C[4] 0
IC(1eny) C[6] Cl6] Cl6] Cl6] C[6] C[6] Cl]
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Example of a Known Case

In the case of G = GL5(F), with A(fr) = diag(gk, ¢%, ¢%, q}l,qgl),

mg);\eo |Cooo |Co10 |CIOO |0110 |0111 |0200 |0211
IC(]lcOOO) C[O] 0 0 0 0 0 0
IC(Lowy) | C[2) Cp2] o o o 0 o0
IC(]lCmO) C[?)} D (C[l] 0 (C[S] 0 0 0 0
IC(]lClm) (C[Zﬂ D (C[Q] (C[Zﬂ (C[4] (C[4] 0 0 0
IC(ley,) | Cl5l@C3 C5l@cs C Cb5 ¢ 0 0
IC(]lCQOO) (C[4] 0 (C[4] 0 0 (C[4] 0
IC(1eny) C[6] Cl6] Cl6] Cl6] C[6] C[6] Cl]

@ In Rep, (GL5(F)) C111 and C211 correspond to standard
representations

Doy =155, (R Q (15 (1@ Ry ) My~ and

aill P13
Nuyr, = 185 (Q (fgts (1RO yl)) X Q (Ing (V11X VO)))
where v = | det - |, and the table tells us that

J(Aalll) = {Q(Aa111)7 Q(Aa211)}
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Conclusions and Future Work

Results:

© Able to compute intersection cohomology complexes making up the
simple perverse sheaves for a Vogan variety attached to GL,,.
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Future Work:

@ Continue expanding the algorithm for computing the structure of 1C's
for other infinitesimal parameters attached to GL,,.
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Conclusions and Future Work

Results:

© Able to compute intersection cohomology complexes making up the
simple perverse sheaves for a Vogan variety attached to GL,,.

@ Using the pKLH this result can be transferred back to the
decompositions of standard representations of GL,,(F).

Future Work:

@ Continue expanding the algorithm for computing the structure of 1C's
for other infinitesimal parameters attached to GL,,.

@ Extend the algorithm to classical groups such as SO2,41 and Spsy,,.
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Thank you for your time!

Any questions?

Ch(Vectc)

Va

IC(Le,)
T ¢ o C(CO

n+1

0
C (] ¢ o

C qp ¢
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