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Intro to VDCs:

VIRTUAL DOUBLE CATEGORIES

Definition: VDCs

ROADMAP

A virtual double category ID consists of
1. A category Tight(ID) of objects and tight, or
vertical arrows

of cells:

Along with an associative and unital composition

2. For every pair of objects @, b a collection of
loose arrows a + b

3. For every boundary of loose and tight arrows
a collection of cells
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(co)complete 2-category with finitely presentable underlying category

[Note: gether with VD fi and tight transf i VDCs form a

Exponentiability:
EXPONENTIABLE VDCS

Definition: Exponentiable VDCs

Avirtual double category I is said to be exponentiable if the functor given by
sending a virtual double category A to A X ID admits a right adjoint:

=)

VDC T VDC
\J

—-xD

Representability:
REPRESENTABILITY 19

Motivating Question:

Under what conditions is the exponential
EP representable? What about Mod(E™)?

Note: When E arises from a multi y, thisis ivalent to asking when these
are symmetric monoidal categories.

Roadmap:

Conclusions and Future Work:

KEY TAKEAWAYS 24

+ VDCs provide the necessary flexibility to
characterize universal properties of double
categorical constructions

+ Exponentiable VDCs are those admitting
essentially unique cell decompositions

UPCOMING/FUTURE DIRECTIONS

+ Paper in progress with Kevin Carlson

+ Extend the proof techniques to pseudo and
lax tight transformations appearing in [LP24]

+ Determine sufficient conditions for virtual
equipments to be exponentiable



VIRTUAL DOUBLE CATEGORIES

Definition: VDCs

|
A virtual double category ID consists of ' Along with an associative and unital composition
1. A category Tight(ID) of objects and tight, or ! of cells:
vertical arrows ; v v, v
2. For every pair of objects a, b a collection of Lo ’ 7 Gm ‘ ’ 7 G
loose arrows a +» b : |
3. For every boundary of loose and tight arrows ] <A ha ©z &n In
a collection of cells Ll l l
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Note: Together with VD functors and tight transformations, VDCs form a
(co)complete 2-category with finitely presentable underlying category




MULTICATEGORIES AS VDCS )

Example: Multicategories as VDCs

Multicategories embed fully-faithfully into VDCs: That is, for a multicategory M, multicells in XM are

precisely multimorphisms in M':

Coll
/_\ ° x0 > e x1 > T > e
MultCat I Vdc \
\/ o
: \
) Y > ®

as the VDCs with trivial underlying tight category.
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PSEUDO VS. VIRTUAL
CONSTRUCTIONS

4 )

(Pseudo-)Double Categories:

* If £ is acategory with pushouts, we have a
double category Cospan(E)

 If (V,Q,I) isa monoidal category with
finite coproducts that are preserved by

&), then we have a double category VMat

 If D is a double category with local

r

Virtual Double Categories:

reflexive co-equalizers, we have a double
\category Mod(ID) of modules in D /

* For any category &£, we have a virtual
double category Cospan(€)

a virtual double category DMat

* For any virtual double category D, we

have a unital virtual double category
Q/Hod(]]))) of modulesin D

* For any virtual double category D we have

/




UNIVERSALITY OF VIRTUAL
CONSTRUCTIONS

4 )

Universality of Constructions on Virtual Double Categories:

* For any category &, the virtual double category Cospan(€) is the free
virtual equipment on £ [DPP10]

* For any virtual double category ID the virtual double category DMat is
the free coproduct completion of D [Ark25]

* For any virtual double category D, Mod(ID) is the cofree normal
completion of D [CS10]

* For any virtual double category D, DIProf = Mod(IDMat) is the free

\collage cocompletion of D [Ark25] /




EXPONENTIABLE VDCS

Definition: Exponentiable VDCs

A virtual double category D is said to be exponentiable if the functor given by
sending a virtual double category A to A X ID admits a right adjoint:

(—)"
/\
VDC T VDC
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EXPONENTIALS

If D and E are VDCs for which EP exists, then it
must consist of the following data:

* Objects are functors Tight(ID) —Tight([E)

* Tight arrows are natural transformations

* Loose arrows are maps of spans

Tight(D) ¢—=—— Sq(D) ———— Tight(D)

!

Tight(E) ¢4———— Sq(E) ——— Tight(E)

* n-ary multicells assign to each n-ary multicell
in D an n-ary multicell in E with the following
boundary:

Uy Hy v, Hy,
Foxo : > - : y FL.x,
Yo(!,f) (@) 7 (L9)
Goyo =+ > G1y1

... (cont. on next slide) /




EXPONENTIALS

oI

U, Ky Vs Ko v, K
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The assignment on multicells is subject to functoriality with respect to vertical pasting:

Frwn
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EXPONENTIABLE VDCS "0

For a VDC DD, the following are equivalent:
1. The VDC DD is exponentiable

2. The multicells in D admit essentially unique decompositions up to associativity
3. The multicells in D admit essentially unique decompositions up to associativity

through binary, unary, and nullary multicells

\4. The exponential Span® exists /




EXPONENTIABLE VDCS "

Explication: Characterization of Pro-representable VDCs

In terms of pasting diagrams, condition (2) says that a VDC DD is exponentiable precisely when forany N = 0 and any
partition 0 < my; < --- <m, = N, N-ary multicells decompose as vertical pastings:
) [ on
X0 :1 > T, - > : > T,
él QZ -1
o ; Y ; > > T,
o i K W Ky o T K,
ko Y ki = ,;(') : );1 : oo ; 35;1
s A 5!
Yo ch ? Y1 k) 7271,1) "
Yo pa > U1
and any two decompositions are equivalent up to associativity of pasting with cells in the center of the decomposition.




EXPONENTIABLE VDCS N

Condition (5) hints at, and follows from, the Yoneda theory of VDCs:

For any VDC D, there is a fully-faithful embedding of VDCs

D < SpanFs(®)?

where [F;(ID) is the free strict double category generated by D. /




REPRESENTABLE VDCS 13

Representable VDCs (i.e. pseudo-double categories) are exponentiable.

Let D be a representable VDC. Then any cell admits a canonical decomposition

Bl & l—)n
o) t > T, : > - ; > T,
El & Bn
cocart cocart cocart rqg ——t— Lm, t ) t ) Lm,,
. s S ... . (¢ —
CL”O pll L4 CL‘ml P|2 L4 p'n L4 Zl?mn fO (0% .fl
fo a# fi i : * U1
¥
~ ~
Yo > Y1



REPRESENTABLE VDCS 14
Representable VDCs (i.e. pseudo-double categories) are exponentiable.
Any other decomposition below left can be canonically factored through the
composition cells: . £, X £ X 2, X
0 . > T, . > .- , > T,
21 ﬂ Bn
) . ¥ T,y . > t > T, cocart cocart cocart
P1 P2 Pn
go gt g1 72 e Tn gn Lo ; * T, f > f > T,
pa i~ > 21 7 oo o > 2, = 90 ~F g1 ¥ 04 gn
ho B Iy pa - y 21 2 > o > 2,
i . i o s "
Yo > 1
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‘ COSPANS ARE EXPONENTIABLE

For any category € the VDC Cospan(€) is exponentiable, and it is
representable if and only if £ has finite pushouts.

Ay LA fry B 4,

- An arbitrary multicell: ; \ / f
Co

. . 0nQ 1
admits a canonical decomposition:

wkl Pkq d’n 1 wmn 1"’1 wmn 1‘*’1 Pmy, d"mn
> Bkl ¢ Akl > 4 mn 1 mn 1+1 } an ¢ Amn
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for any partition of n (the case where k4, k,, = 1 is shown for simplicity).
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‘ COSPANS ARE EXPONENTIABLE

For uniqueness consider the case wheren = 3,k; = 2,k, = 1 as an example. Then an arbitrary
[Proof Idea (cont): ] decomposition, below left, can be seen to be equivalent to the canonical decomposition via

sliding cells:
Ag ©1 y By 4 1 A, &) B, 4 P2 A, ©3 » By 4 3 Aq
A 1. B« Py A P2 , Y2 p3 Y3 / \ / // / / /
0 > Dy ¢ 1 — Bs ¢ As » B3 ¢— A3 fo hy h4 f1 hj /2
! h! h! ! R £t Al , » B’ ¢ A’ » B, ¢ Al
0 1\ / 2 1 3 2 0 7 1 wi 1 <P/2 2 1/’5 2
/ ) B/ ( / ) B/ A/ — f// h// a’ h// f//
0 <P/1 1\ 1% 17 2 (_?#é 2 0 1 1 2 2
o' hi\ /hé/ 3 Co > > Dy D1 Dy ¢=— ()
CO D g D1 ¢ 5 Cl \
Co 5 > Dy 4 3 Ch




NON-EXPONENTIABLE VDC

The VDC LLoose consisting of two objects 0 and 1 and a single loose arrow 0 + 1 is not
exponentiable. Consider the diagram and colimit C in VDC depicted below:
Tight o 1/) > 1
/ \
fo
Sqo Sq1 a  fi B f2
t t s Yo I 3}1 = > &;
Loose Loose go ¥ g1
S w ; ; w
q2 20 z Z1

Then C X Loose has two non-identity cells, while the VDC obtained by applying —X ILoose to
the diagram before taking the colimit only has one.

17



MODULES IN EXPONENTIAL VDC

If D and E are VDCs for which EP exists, then the VDC Mod(E®) consists of the
following data:
* An objectis a virtual double functor F: D — E

* Atight arrow is a tight transformation between virtual double functors

* Aloose arrow is a virtual double functor F:ILoose, X D — [, where Loose,
is the unital walking loose arrow

* An n-multicell is a virtual double functor I': Sq,, , X D — [E, where Sqy, , is
the unital walking n-multicell

\_ /

18



Roadmap:

REPRESENTABILITY

Motivating Question:

o

Under what conditions is the exponential
EP representable? What about Mod(E®)?

/

Note: When [E arises from a multicategory, this is equivalent to asking when these
are symmetric monoidal categories.




REPRESENTABILITY

20

Definition: AFP Conditions (c.f. [Par13] for pseudo case)

A virtual double category D has AFP,, for
n = 2 if any n-ary multicell a:

admits a unique up to associativity decomposition through a
special n-ary multicell
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Roadmap:




REPRESENTABILITY

Example: VDCs Satisfying AFP Conditions

The following VDCs always satisfy the AFP conditions:

1. The cospan VDC, Cospan(&), for any category &

3. The VDC Loose, (B) for any bicategory B

2. The VDC XM associated to an arbitrary multicategory M

/
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REPRESENTABILITY

22

s

Theorem: Non-nullary composites for Exponentials

If A is an exponentiable VDC satisfying the AFP conditions, and X is a

(weakly) locally cocomplete VDC with (weak) non-nullary composites, then

the exponential X2 has (weak) non-nullary composites.

\_

J

s

Corollary: Representability of Mod(E®)

If A is an exponentiable VDC satisfying the AFP conditions, and X is a

Mod(EP) is (weakly) representable.

o

(weakly) locally cocomplete VDC with (weak) non-nullary composites, then

/




If A is an exponentiable VDC and X'is a locally cocomplete VDC with discrete
tight category and weak composites, then the exponential X has (weak)
non-nullary composites.

\_

J

Example: Colax Monoidal Convolution Structure

If A is an exponentiable VDC and (C,&), I) is a cocomplete colax monoidal category with @
preserving colimits in either variable, then CS9®™ has a colax monoidal convolution
structure induced by the weak representability of Loose, (BC)*:

A[pl; coo5 Py _] * (Fl(pl) Q- Fn(pn))

/(pl ..ipn ) ESQ(A) X Tight(a)™

o

REPRESENTABILITY 23

/




KEY TAKEAWAYS 24

« VDCs provide the necessary flexibility to
characterize universal properties of double
categorical constructions

« Exponentiable VDCs are those admitting
essentially unique cell decompositions

UPCOMING/FUTURE DIRECTIONS

Paper in progress with Kevin Carlson

» Extend the proof techniques to pseudo and
lax tight transformations appearing in [LP24]

 Determine sufficient conditions for virtual
equipments to be exponentiable
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