Intro to Paramaterized Infinity Categories

Introduction/Motivation

These notes are for a ~20 minute talk on Parameterized oo-categories given at
the start of the UIUC Fall 2025 Ambidexterity seminar. Primarily this note follows

the structure and exposition in section 1.2 of Bastiaan Cnhossen's thesis!!] and the
preliminaries section to Cnossen et al.'s paper on parameterized higher

semiadditivity[Z]. For more details on the foundations of this framework, along

with detailed proofs, we refer to the sequence of papers by Martini and Wolfl3] [4]
[5] [6] [7]

One of the primary motivations for developing such a theory comes from
equivariant homotopy theory, where the topos in consideration is the oo-category
of presheaves on the orbit category of a finite group G. Another motivation for
this approach comes from the observation that a continuous map of spaces

X — Y induces a geometric morphism Sh(X) — Sh(Y") of co-topoi. In this way,
such a morphism allows us to consider Sh(X) as a Sh(Y)-category which
carries the information of the original sheaf topos on X along with topological
properties of the continuous map inducing it.

Complete Segal Space and Sheaf Perspectives

Throughout B will be an co-topos, which is to say a left exact and accessible
localization of a presheaf co-category PShg(C) := Fun(C°, S) for some small oo
-category C, where S is the oo-category of co-groupoids.

There are three main presentations of co-categories internal to the oco-topos B:

1. The simplicial perspective
2. The sheaf perspective

3. The fibered perspective



Simplicial Perspective

We write Spine[n| = [1] Ujq - - - Ujg) [1] = [n] for the n-spine, which can be
viewed as a simplicial co-groupoid Spine[n] : A% — S, and we write

E = ([0] L [0]) Upjupy [3] for the walking equivalence. We will often use the
algebraic morphism in the adjunction (constz 41 I'p) : Sao & B to identify
simplicial oco-groupoids, such as these, with simplicial objects in B.

(=) B-category (Simplicial Definition)

A B-category is a simplicial object C € Ba that is internally local with
respect to Spine[2] < [2] (Segal conditions) and E — [0] (univalence). We
write Cat(B) < By for the full subcategory spanned by B-categories. A B
-groupoid is a simplicial object G € Ba which is internally local with
respect to [1] — [0]. We write Grpd(B) — B, for the full subcategory
spanned by B-groupoids.

The B-groupoids are precisely the essential image of the diagonal embedding
B — B so that B ~ Grpd(B). The statement that C is internally local with
respect to a certain morphism f : A — Bin B means that the canonical map
C — [0] is internally right orthogonal to the morphisms, or equivalently that the
induced map

MB(Bv C) - MB(Aa C) X Fun 4(4,[0]) MB(Ba [O]) — MB(Av C)

is an equivalence. The inclusion Cat(B) < Ba preserves filtered colimits and
admits a left adjoint preserving finite products. In particular, Cat(B) is
presentable and an exponential ideal in B, so in particular is cartesian closed.

We can define bifunctors

(Functor oo-category)

Fung(—,—) =T o Fung(—,—) : Cat(B)? x Cat(B) — Catwo
(Powering) (—)(7) = Fung(constp(—), —) : Catgp x Cat(B) — Cat(B)
(Tensoring) — ® — = constg(—) x — : Cate X Cat(B) — Cat(B)
which fit into 2-variable adjunctions

MapCat(B)(_ ® —, _) = MapCatoo(_v FunB(_7 _)) —= MapCat(B)(_7 (_)(_))

In particular, evaluating the left equivalence at the terminal oco-category we
have Fung(—, —)~ =~ Mapc,s)(—, —), so that Fung(—, —) gives rise to a



Cat.-enrichment of Cat(B), or in other words an (oo, 2)-categorical
enhancement.

Sheaf Perspective

Using our previously defined bifunctor, we have a natural fully-faithful embedding
Fung(:(—), —) : Cat(B) — Fun(B?, Cat ) which factors through an
equivalence

Fung(e(=), =) : Cat(B) — Shca._(B) := Fun® (B, Cat.)

Thus, B-categories are equivalent to sheaves of co-categories B”? — Cato.
When B = Fun(T, S) is a copre-sheaf co-topos, we have a natural equivalence

Fun®(Fun(T, 8)”, Cats,) ~ Fun®(Fun(T, S), Cat®)® ~ Fun(T*, Cat®)? ~

Thus, the current perspective generalizes the notion of paramaterized oo-
categories. Additionally, via the un/straightening correspondence we obtain an
embedding Cat(B) < Cart(B).

For a B-category C and A € B, we write C(A) := Funp(¢(A), C) for the oo-
category of local sections over A, and write s* : C(A) — C(B) for the restriction
alongamap s : B— Ain B. One can also interpret C(A) as the complete Segal
space whose space of n-morphisms is given by the co-groupoid Mapz(A4, C,,).

For a geometric morphism f, : B — A with left adjoint f*,

f+ 2 Shear, (B) — Shcat (A) is given by restriction along f*, while

f* : Shear (A) — Shey (B) is given by left Kan extension along f* : A — B. If
f* admits a further left adjoint fi, then this is just precomposition with f;.

Explication: Objects and Morphisms in B-Categories

Using the two-variable adjunctions introduced previously, one obtains
equivalences

C[n](‘4)2 = MapCat(B)(A7 C[n]) = MapCat(B)([n] ® A7 C) = MapCatm([n]a C(A

forall A € B, C € Cat(B), and n > 0 (with the diagonal embedding
¢ : B — Cat(B) left implicit). Combining this with a previous remark we see
that



Mapc,ys) (4, C™) ~ Map(4, Cr)

Let's see some examples in the sheaf perspective:

B-groupoid
Every object B of B defines a B-category B via the Yoneda embedding
B := Mapg(—, B) : B - § — Cat,,

The B-categories of this form are called B-groupoids.

The B-category of B-groupoids

Since Bis a topos, the functor B? — Cat,, associated to the cartesian
fibration evy : BiYf — B (i.e. B B,p) preserves limits and thus defines a
B-category denoted by §B, and refer to it as the B-category of -

groupoids.

Internal (Co)limits

Let's now move to describing internal (co)limits in the parameterized setting.

(=] O-colimits

Let A be an oo-category and let @ be a class of morphisms in A closed
under base change (i.e. base-changes of morphisms in @ exist and have
output again in Q). Given a functor C : A% — Cateo, We say that C admits
Q-colimits or is @-cocomplete if the following conditions are satisfied:

(1) Forevery g: A — Bin @, the functor ¢* : C(B) — C(A) admits a
left adjoint gy : C(A) — C(B)
(2) For every pullback square in A




with ¢ € Q, the Beck-Chevalley transformation BC; : ¢/ f"™* = f*q of
functors C(A) — C(B’) is an equivalence.

Explication

If B = 1is terminal, then the functor ¢* : C — C(A4) having a left adjoint
q1 : C(A) — Cis analogous to the diagonal A : € — €7 having a left
adjoint, which occurs precisely when & has I-shaped colimits. In general
we can think of gy as a kind of left Kan extension. The Beck-Chevalley
transformation then says that left Kan extensions formed in this way are
preserved under base-change.

Dually, if ¢* has a right adjoint ¢, : C(A) — C(B) such that the corresponding
Beck-Chevalley transformations are equivalences, then we say C admits O-
limits.

Often we will add the assumption that A = B is an co-topos, and that the class
@ in Bis local in the sense that a morphism g : A — Bis in Q whenever there
exists an effective epimorphism [[,_; B; = B in B such that each of the base
change maps A xg B; — B;isin Q.

=) Preserving Q-colimits

Let C,D : A’ — Cate be Q-cocomplete. A natural transformation

F : C — Dis said to preserve 9Q-colimits if for every morphismgq: A — B
in @ the Beck-Chevalley map qiF4 — Fpqi is an equivalence (we also say
F'is @-cocontinuous).

Example: Base Case

When B = 8§, global sections defines an equivalence I' : Cat(S) = Cat,
with inverse given by sending C to Fun(—,C). For @ C &, a cat C then has
Q-colimits if and only if we can perform left Kan extension for space-
indexed functors into C along morphisms in Q.

In addition to groupoid indexed colimits defined in this fashion, we will also be
interested in fiberwise colimits:

=) Fiberwise Colimits



Let K be a (non-parameterized) oo-category. We say that a B-category C
has fiberwise K-shaped colimits if the category C(A) has K-shaped
colimits for every A € B and the restriction functor f* : C(B) — C(A)
preserves K-shaped colimits for each f: A — Bin B.

We say a functor of B-categories with fiberwise K-shaped colimits preserves
fiberwise K-shaped colimits if it preserves K-shaped colimits pointwise.

Combining these notions we will say a B-category is cocomplete if it is 5-
cocomplete in the parameterized sense and moeover fiberwise cocomplete.
Analogously to the classical theory, if C is a cocomplete B-category, then the
inclusion of constant diagrams 7% C — Fun(/C, 7% C) has a left adjoint for every

A € B and every small B, 4-category K (c.f. Corollary 5.4.7 oft4-1]y,

Symmetric Monoidal and Presentable 3-
Categories

(= Definition: Symmetric Monoidal B-category

A symmetric monoidal B-category is a commutative monoid in the oo-
category Cat(B), or equivalently, a limit-preserving functor
C: B? — CMon(Catc).

For B € B we denote the tensor product and monoidal unit of C(B) by — ® p —
and Ip, respectively.

(= Definition: Presentable B-Categories

A B-category C : B®? — Caty is called fiberwise presentable if it factors
(necessarily uniquely) through the subcategory Prf C Cat, Of presentable
oo-categories and colimit preserving functors. We say C is presentable if it
is fiberwise presentable and additionally satisfies the following two
conditions:

(1) (Left Adjoints) For all f : A — Bin B, the restriction
f*:C(B) — C(A) has left adjoint f, : C(A) — C(B)

(2) (Left Base Change) For every B oo A, with pullback cospan

!

B< D L A, the Beck-Chevalley transformation g, f"™* — f*giis




an equivalence.

If C, D are presentable B-categories, we say B-functor F' : B — C preserves
(parameterized) colimits if the following two properties are satisfied:

(1) For every B € B, the functor F(B) : C(B) — D(B) preserves small
colimits;

(2) Forevery f: A — Bin B, the Beck-Chevalley transformation

fio F(A) = F(B) o fiis an equivalence

Note that in the left Base change condition, passing to right adjoints gives that
the other Beck-Chevalley transformation g* f, = fLg'* is also an equivalence
by uniqueness of adjoints and the fact that g; f* - f/¢'* and f*g, 4 g* f.. In fact,
for a commuting diagram

A—T B
h*‘ lg*
CTD

with the morphisms fitting into adjoint triples fi 4 f* - f, etc., the Beck-
Chevalley transformation

1k* frh
gik* == gk R by ~ gig* f*hy =—> f*hy

is an equivalence if and only if the Beck-Chevalley transformation

* nh*f* * . A * pLx k*g*e %

is an equivalence, since gik* 4 k,g* and f*h, - h* f,.

(=) B-Parameterized Animae

The target functor d : BA' — Bis a cartesian fibration, so by (HTT,
Theorem 6.1.3.9) is classified by a limit-preserving functor

QBZBOP%PFL, BI—>B/B, (f:A—)B)l—> (f*:B/B%B/A)




The pullback functors f* : B,p — B, 4 have left adjoints
Jo—1:B,4 — B, which satisfy the Beck-Chevalley condition, so Qg is a
presentable B-category, called the B-category of B-groupoids.

As with un-parameterized presentable -categories, presentable B-categories
have a natural tensor product, characterized by the fact that it represents bi-

cocontinuous B-functors C x D — € (c.f.8-1] Section 8.2). This gives PrL(B) the
structure of a symmetric monoidal co-category PrL(B)® whose monoidal unit is
Q3. In particular, the classical formula carries over to give

C® D ~ Fung(C”, D)

The universal property satisfied by this parameterized monoidal structure can be
expressed by the equivalence

Fun(C® D, ) ~ Fung(C, Fun(D, €))

which in particular implies that C ® — : Pré — Pré preserves colimits.

(=) Presentably Symmetric Monoidal B-Category

A presentably symmetric monoidal B-category is a commutative algebra
object in the symmetric monoidal co-category PrZ(B)®.

Note that we have an embedding Pr’(B)® < Cat(B)* so that a symmetric
monoidal B-category C is presentably symmetric monoidal if and only if it is
presentable, and the tensor product B-functor — ® — : C x C — Cis bi-
cocontinuous. This can be expressed by the following two non-parameterized
conditions:

1. (Fiberwise presentably symmetric monoidal) For each B € B, the tensor
product functor — ® g — : C(B) x C(B) — C(B) is bi-cocontinuous

2. (Left Projection Formula) For each f: A — B in B and all objects
X € C(B)andY € C(A), the exchange morphism

HfF(X)®4Y) = A(f (X)) @4 fHY)) = if (X @8 IY)) = X®B fi(Y)

is an equivalence



Equivalently, this can be expressed as a limit-preserving functor

C : B — CAlg(Pr’) such that the symmetric monoidal restriction functors
f*:C(B) — C(A) admit left adjoints that satisfy base change and satisfy the left
projection formula.

Looking Forward

To continue the preliminaries needed for twisted ambidexterity, the next step is to
understand the algebra and module theory associated to the symmetric monoidal
oo-category Prl (B)®. Before diving into this material we will review some basic
aspects of the theory of co-operads, and the theory algebras over algebraic
patterns more generally.

References/Footnotes

1. Bastiaan Cnossen. “Twisted Ambidexterity in Equivariant Homotopy Theory: Two
Approaches.” Phd, Rheinische Friedrich-Wilhelms-Universitat Bonn, 2024.
https://hdl.handle.net/20.500.11811/11281 . €

2. Cnossen, Bastiaan, Tobias Lenz, and Sil Linskens. “Parametrized (Higher) Semiadditivity
and the Universality of Spans.” arXiv:2403.07676. Preprint, arXiv, September 27, 2024.
https://doi.org/10.48550/arXiv.2403.07676 . €

3. Martini, Louis. “Yoneda’s Lemma for Internal Higher Categories.” arXiv:2103.17141.
Preprint, arXiv, April 1, 2022. https://doi.org/10.48550/arXiv.2103.17141 . €

4. Martini, Louis, and Sebastian Wolf. “Colimits and Cocompletions in Internal Higher
Category Theory.” arXiv:2111.14495. Preprint, arXiv, February 13, 2024.
https://doi.org/10.48550/arXiv.2111.14495 . € €

5. Martini, Louis. “Cocartesian Fibrations and Straightening Internal to an co-Topos.”
arXiv:2204.00295. Preprint, arXiv, May 25, 2022.
https://doi.org/10.48550/arXiv.2204.00295 . €

6. Martini, Louis, and Sebastian Wolf. “Presentability and Topoi in Internal Higher Category
Theory.” arXiv:2209.05103. Preprint, arXiv, March 24, 2025.
https://doi.org/10.48550/arXiv.2209.05103 . € €

7. Martini, Louis, and Sebastian Wolf. “Proper Morphisms of co-Topoi.” arXiv:2311.08051.
Preprint, arXiv, March 17, 2025. https://doi.org/10.48550/arXiv.2311.08051 . €




