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Roadmap

Geometric Perspective
@ An interesting example
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What is the Langlands Program?

(b) Algebraic
Geometry Representation
Theory

Figure: The Langlands Program: bridging fields
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What is the Local Langlands Correspondence?

Fix G a connected reductive algebraic group over a p-adic field, F'//Q,

{ Admissible irreducible }/iso. L{ Langlands parameters }/conj.

representations of G ¢ : Wr x SLy(C) = LG
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p-Adic Fields

Fix p € Z™ a prime. We denote by
Qp the analytic completion of @ with
respect to the norm | - |, defined by
‘%p’"|p =p~ " for a,b,r € Z, with
p1fa,b.

¢
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p-Adic Fields

p-Adics

Fix p € Z™ a prime. We denote by
Qp the analytic completion of @ with
respect to the norm | - |, defined by
‘%pT p = p~" for a,b,r € Z, with
p1fa,b.

¢

st
A
x € Qp can be written
i=k
for k € Z and a; € {0,1,...,p — 1}. ]
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How do you represent a group?

/—\/ ﬂ
7
7

Figure: Representations of groups
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What is the Local Langlands Correspondence?

Fix G a connected reductive algebraic group over a p-adic field, F'//Q,

{ Admissible irreducible }/iso. L{ Langlands parameters }/conj.

representations of G ¢ : Wr x SLy(C) = LG
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Playing with roots

Galois Group

Let E be a field obtained by appending roots to F'. Then let Gal(E/F)
denote the group of field automorphisms of E fixing points in F'.

Figure: Permuting roots
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Playing with roots

Galois Group

Let E be a field obtained by appending roots to F'. Then let Gal(E/F)
denote the group of field automorphisms of E fixing points in F'.

Figure: Permuting roots

Separable Closure (Informally)

The separable closure, F, of F' consists of all roots of “multiplicity free"
polynomials in F'.
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Integer Rings and Residue Fields

Integer Rings and Residues

Let | - | be the norm on F.
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Integer Rings and Residues

Let | - | be the norm on F.
o lIts ring of integers is O := {z € F: |z|p < 1}
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Integer Rings and Residues
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o m:= {x € Op : |z|p < 1} is the unique maximal ideal of Op
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Integer Rings and Residue Fields

Integer Rings and Residues

Let | - | be the norm on F.
o lIts ring of integers is O := {z € F: |z|p < 1}

o m:= {x € Op : |z|p < 1} is the unique maximal ideal of Op
@ The residue field of F' is kr = Op/m, with |kr| = qr € Z.
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Integer Rings and Residue Fields

Integer Rings and Residues

Let | - | be the norm on F.
o lIts ring of integers is O := {z € F: |z|p < 1}
o m:= {x € Op : |z|p < 1} is the unique maximal ideal of Op
@ The residue field of F' is kr = Op/m, with |kr| = qr € Z.

Example:
o Og, =Zp={>7paip" :a; €{0,....,p—1}}, and kg, = F,
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The Weil Group

1 Iy Gal(F/F) — Gal(F,, /Fy,) — 1
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The Weil Group

1 Ir Gal(F/F) —— Gal(F,, /F,,) — 1
| [
1 IF WF Wkp > 1
I
(x > 29F)

Thompson (UofC)
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Langlands Parameters

o Wr G gives

T
1 —— SLQ((C) — Wrp x SLQ((C) Wr 1
| /¢°/ e . H
1 > G\ LG WF 1
|
@ X WF
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What is the Local Langlands Correspondence?

Fix G a connected reductive algebraic group over a p-adic field, F//Q,

{ Admissible irreducible }/iso. L{ Langlands parameters }/conj.

representations of G ¢ : Wr x SLy(C) — L@
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What is the Local Langlands Correspondence?

Fix G a connected reductive algebraic group over a p-adic field, F//Q,

{ Admissible irreducible }/iso. L{ Langlands parameters }/conj.

¢ Wg X SLQ((C) ze:

|

[[(G/F) < Perp, (Vy)*' Jiso.
A

representations of GG
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Infinitesimal Parameters

o Let ¢ : Wr x SLy(C) — G be a Langlands parameter
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Infinitesimal Parameters

o Let ¢ : Wr x SLy(C) — G be a Langlands parameter

Infinitesimal Parameter

The infinitesimal parameter associated with ¢ is defined by

)\¢ Wp — LG

wlg® 0
s , -
W @ (w ( . ‘w’Fl/z
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Moduli Space

e Fix an infinitesimal parameter A : Wr — “G moving forward
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Moduli Space

e Fix an infinitesimal parameter A : Wr — “G moving forward

Vogan Variety
Define the centralizer

Z5(AIr)) = {g € G : (g x DA(w)(g % 1)~ = Mw),Vw € Ir}
Then the Vogan Variety associated with X is
Vy = {z € Lie Zz(\(IF)) : Mw)zA(w) ™t = |w|pz, Yw € Wr}

along with an action by Hy := Z5(A(WF)).
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Va VeCtC

L2(C;, ©)

ClIt1

Figure: Sheaves on a Vogan
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What is the Local Langlands Correspondence?

Fix G a connected reductive algebraic group over a p-adic field, F'//Q,

{ Admissible irreducible }/iso.g{ Langlands parameters }/conj.

¢ : WF X SLQ((C) — LG

|

[I(G/F) < Perp, (Vx)*™P* fiso.
A

representations of GG
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Equivariant fundamental groups

We have a canonical bijection

PerHA(V)\)Simple/iso. «{(C,p): C CVy\ Hyorb, pelrrep(mi(C,z0)m,)}

Figure: Fundamental group of a torus
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GLy 1 (F) Case

@ The image of frobenius for A is

qp

ANFr) = x Fr
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GLy 1 (F) Case

@ The image of frobenius for A is
2
1
ANFr) = x Fr

ar

@ The Vogan is
0 1 e xk O
0 0 -+ 0 u
C ; cxi,y; € C p = My p(C) x My 1 (C)

Vi = S S
o o0 --- 0 O

= Hom(El,Eq}w) X Hom(qul,El) s er

E.T. 2021 1824
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GLy 1 (F) Case

@ Our group is Hy, = GL;(C) x GLk(C) x GL;(C)
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GLy 1 (F) Case

@ Our group is Hy, = GL;(C) x GLk(C) x GL;(C)
@ We have five orbits:

Cy

|
/\
\/
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GLy 1 (F) Case

o m(C,x)u, = {0} for all orbits, so

Persy, (V)5 ™* [iso. =
{IC(Co, 1), IC(Cy, 1e,), IC(Cr, 1, ), IC(Com, ¢y, ), IC(Cy, Ly )}

uuuuuuuuuu
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GLy 1 (F) Case

o m(C,x)u, = {0} for all orbits, so

Persy, (V)5 ™* [iso. =
{IC(Co, 1), IC(Cy, 1e,), IC(Cr, 1, ), IC(Com, ¢y, ), IC(Cy, Ly )}

Seo ‘ lcg lc, lc lCm lcy
TC(Co, 1cy) Tc, (0] 0 0 0 0
IC(Cy, 1) 1cg (k] 1c, (k] 0 0 0
IC(Cr,1¢,.) Lo K] 0 1c, k] 0 0
IC(Cm,1¢,,) ? ? ? 1c,,[2k — 1] 0
IC(Ct,1g,) | leg2k]  1¢[2k]  1c,.[2k] 1oy, [2k] 1o, [2k]
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Fixing Singularities: Resolutions

@ We wish to find a smooth space an/ with a natural “nice” projection

W:E’Z%Cm
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Fixing Singularities: Resolutions

@ We wish to find a smooth space an/ with a natural “nice” projection

W:E’Z%Cm

Figure: Resolution of Singularities through blow-up
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To be continued ...

Thank you for your attention!

N g, ¢ (

Cone,
| b 5

&

(a) Algebraic Number Theory (b) Algebraic (c)

Geometry Representation
Theory

Figure: The Langlands Program: bridging fields
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