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What is the Langlands Program?

(a) Algebraic Number Theory (b) Algebraic
Geometry

(c)
Representation
Theory

Figure: The Langlands Program: bridging fields
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What is the Local Langlands Correspondence?

The LLC

Fix G a connected reductive algebraic group over a p-adic field, F/Qp{
Admissible irreducible
representations of G

}/
iso.

r−→
{

Langlands parameters
ϕ : WF × SL2(C) → LG

}/
conj.
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p-Adic Fields

p-Adics

Fix p ∈ Z+ a prime. We denote by
Qp the analytic completion of Q with
respect to the norm | · |p defined by∣∣a
bp

r
∣∣
p
= p−r for a, b, r ∈ Z, with

p ∤ a, b.

x ∈ Qp can be written

x =
∞∑
i=k

aip
i

for k ∈ Z and ai ∈ {0, 1, ..., p− 1}.
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How do you represent a group?

Figure: Representations of groups
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Playing with roots

Galois Group

Let E be a field obtained by appending roots to F . Then let Gal(E/F )
denote the group of field automorphisms of E fixing points in F .

Figure: Permuting roots

Separable Closure (Informally)

The separable closure, F , of F consists of all roots of “multiplicity free”
polynomials in F .
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Integer Rings and Residue Fields

Integer Rings and Residues

Let | · |F be the norm on F .

Its ring of integers is OF := {x ∈ F : |x|F ≤ 1}
m := {x ∈ OF : |x|F < 1} is the unique maximal ideal of OF

The residue field of F is kF = OF /m, with |kF | = qF ∈ Z.

Example:

OQp = Zp =
{∑∞

i=0 aip
i : ai ∈ {0, ..., p− 1}

}
, and kQp = Fp

Thompson (UofC) Geometric Langlands E.T. 2021 9 / 24



Integer Rings and Residue Fields

Integer Rings and Residues

Let | · |F be the norm on F .

Its ring of integers is OF := {x ∈ F : |x|F ≤ 1}

m := {x ∈ OF : |x|F < 1} is the unique maximal ideal of OF

The residue field of F is kF = OF /m, with |kF | = qF ∈ Z.

Example:

OQp = Zp =
{∑∞

i=0 aip
i : ai ∈ {0, ..., p− 1}

}
, and kQp = Fp

Thompson (UofC) Geometric Langlands E.T. 2021 9 / 24



Integer Rings and Residue Fields

Integer Rings and Residues

Let | · |F be the norm on F .

Its ring of integers is OF := {x ∈ F : |x|F ≤ 1}
m := {x ∈ OF : |x|F < 1} is the unique maximal ideal of OF

The residue field of F is kF = OF /m, with |kF | = qF ∈ Z.

Example:

OQp = Zp =
{∑∞

i=0 aip
i : ai ∈ {0, ..., p− 1}

}
, and kQp = Fp

Thompson (UofC) Geometric Langlands E.T. 2021 9 / 24



Integer Rings and Residue Fields

Integer Rings and Residues

Let | · |F be the norm on F .

Its ring of integers is OF := {x ∈ F : |x|F ≤ 1}
m := {x ∈ OF : |x|F < 1} is the unique maximal ideal of OF

The residue field of F is kF = OF /m, with |kF | = qF ∈ Z.

Example:

OQp = Zp =
{∑∞

i=0 aip
i : ai ∈ {0, ..., p− 1}

}
, and kQp = Fp

Thompson (UofC) Geometric Langlands E.T. 2021 9 / 24



Integer Rings and Residue Fields

Integer Rings and Residues

Let | · |F be the norm on F .

Its ring of integers is OF := {x ∈ F : |x|F ≤ 1}
m := {x ∈ OF : |x|F < 1} is the unique maximal ideal of OF

The residue field of F is kF = OF /m, with |kF | = qF ∈ Z.

Example:

OQp = Zp =
{∑∞

i=0 aip
i : ai ∈ {0, ..., p− 1}

}
, and kQp = Fp

Thompson (UofC) Geometric Langlands E.T. 2021 9 / 24



The Weil Group

1 IF Gal(F/F ) Gal(FqF /FqF ) 1

1 IF WF WkF 1

⟨x 7→ xqF ⟩
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Langlands Parameters

WF ↷ Ĝ gives

1 SL2(C) WF × SL2(C) WF 1

1 Ĝ LG WF 1

Ĝ⋊WF

ϕϕ◦
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What is the Local Langlands Correspondence?

The LLC

Fix G a connected reductive algebraic group over a p-adic field, F/Qp{
Admissible irreducible
representations of G

}/
iso.

r−→
{

Langlands parameters
ϕ : WF × SL2(C) → LG

}/
conj.

∏
λ

(G/F ) ↔ PerHλ
(Vλ)

simple
/
iso.
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Infinitesimal Parameters

Let ϕ : WF × SL2(C) → LG be a Langlands parameter

Infinitesimal Parameter

The infinitesimal parameter associated with ϕ is defined by

λϕ :WF → LG

w 7→ ϕ

(
w,

(
|w|1/2F 0

0 |w|−1/2
F

))
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Moduli Space

Fix an infinitesimal parameter λ : WF → LG moving forward

Vogan Variety

Define the centralizer

Z
Ĝ
(λ(IF )) := {g ∈ Ĝ : (g ⋊ 1)λ(w)(g ⋊ 1)−1 = λ(w),∀w ∈ IF }

Then the Vogan Variety associated with λ is

Vλ := {x ∈ Lie Z
Ĝ
(λ(IF )) : λ(w)xλ(w)

−1 = |w|Fx,∀w ∈ WF }

along with an action by Hλ := Z
Ĝ
(λ(WF )).
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Ĝ
(λ(IF )) := {g ∈ Ĝ : (g ⋊ 1)λ(w)(g ⋊ 1)−1 = λ(w), ∀w ∈ IF }

Then the Vogan Variety associated with λ is

Vλ := {x ∈ Lie Z
Ĝ
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Sheaves

Figure: Sheaves on a Vogan
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Equivariant fundamental groups

We have a canonical bijection

PerHλ
(Vλ)

simple
/
iso. ↔ {(C, ρ) : C ⊆ Vλ Hλ orb, ρ ∈ Irrep(π1(C, x0)Hλ

)}

Figure: Fundamental group of a torus
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GL1+k+1(F ) Case

The image of frobenius for λ is

λ(Fr) =


q1F

1
. . .

1

q−1
F

⋊ Fr

The Vogan is

Vλ =




0 x1 · · · xk 0
0 0 · · · 0 y1
...

...
. . .

...
...

0 0 · · · 0 yk
0 0 · · · 0 0

 : xi, yi ∈ C


∼= M1,k(C)×Mk,1(C)

∼= Hom(E1, Eq1F
)× Hom(Eq−1

F
, E1)
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GL1+k+1(F ) Case

Our group is Hλ
∼= GL1(C)×GLk(C)×GL1(C)

We have five orbits:

Ct

Cm

Cl Cr

C0
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GL1+k+1(F ) Case

π1(C, x)Hλ
∼= {0} for all orbits, so

PerHλ
(Vλ)

simple
/
iso. ∼=

{IC(C0,1C0), IC(Cl,1Cl
), IC(Cr,1Cr), IC(Cm,1Cm), IC(Ct,1Ct)}

mλ
geo |C0

|Cl
|Cr |Cm |Ct

IC(C0,1C0
) 1C0

[0] 0 0 0 0

IC(Cl,1Cl
) 1C0

[k] 1Cl
[k] 0 0 0

IC(Cr,1Cr ) 1C0
[k] 0 1Cr [k] 0 0

IC(Cm,1Cm ) ? ? ? 1Cm [2k − 1] 0
IC(Ct,1Ct

) 1C0
[2k] 1Cl

[2k] 1Cr [2k] 1Cm [2k] 1Ct
[2k]
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Fixing Singularities: Resolutions

We wish to find a smooth space C̃m with a natural “nice” projection

π : C̃m → Cm

Figure: Resolution of Singularities through blow-up
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To be continued ...

Thank you for your attention!

(a) Algebraic Number Theory (b) Algebraic
Geometry

(c)
Representation
Theory

Figure: The Langlands Program: bridging fields
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