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Motivation

Motivating Question

How can we study the relation between local and global properties of
geometric spaces algebraically?
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Motivation

Motivating Question

How can we study the relation between local and global properties of
geometric spaces algebraically?

One Answer: Sheaves and sheaf cohomology!
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What is a sheaf?

@ Throughout let (X, 7) € Top.

e
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What is a sheaf?

@ Throughout let (X, 7) € Top.

Def™: (Sheaves)

A pre-sheaf on X with values in C is a functor

F:OX)*? ¢

uuuuuuuuuu

CALGARY

Thompson (UofC) Sheaves E.T. 2022 3/22



What is a sheaf?

@ Throughout let (X, 7) € Top.

Def™: (Sheaves)

A pre-sheaf on X with values in C is a functor

F:OX)*? ¢

If VU € O(X) F satisfies
o VU = UiEI Ui,VSZ' € .F(UZ),

Vi, j € I(si’UimU]‘ = 5j|UmU]-) = dls € f(U), Vi € I(3|Ui = Si)

it is called a sheaf
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Example: Smooth Manifolds

Eg: Smooth Manifolds

Abstract set M
(not necessarily in IRN)

A smooth manifold is a pair
(M,Opr), with M € Top and
YU € M, Op(U) = smooth
real-valued functions, satisfying

e Vpe M,3U,p € U, such that

(U,0um|v) = (R", Oc)

for some n € N
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Maps of sheaves

Def": (Sheaf Map)

A map between sheaves F,G : O(X)? — C
is a collection FV) == FU)

(nu € Home(F(U),G(U)))veox) "V lmj

such that the diagram commutes for any
UCVeOX).
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Maps of sheaves

Def": (Sheaf Map)

A map between sheaves F,G : O(X)? — C
is a collection FV) == FU)

(nu € Home(F(U),G(U)))veox) "V lmj

such that the diagram commutes for any
UCVeOX).

7\
/o\
\
/ \
/ \

FV
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Example: Smooth Manifolds

Eg: Smooth Manifolds

A smooth manifold is a pair

(M, Oyy), with M € Top and (ot necessariy n RY)
YU € M, Op(U) = smooth
real-valued functions, satisfying

e Vpe M,3U,p € U, such that

(U,O0mlv) = (R",Oce)

for some n € N
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Example: Smooth Manifolds

Eg: Smooth Manifolds

A smooth manifold is a pair

(M, Oyy), with M € Top and (ot necessariy n RY)
YU € M, Op(U) = smooth
real-valued functions, satisfying

e Vpe M,3U,p € U, such that
(U, Omlu) = (R™, Ocee)

for some n € N

Observation: Differentiation and
other operations on functions depend
only on local behaviour
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Characterizing Locality Through Universality: Stalks

e Fix a sheaf F: O(X)? = C

Def™: (Stalks)

The stalk of F at € X is colimit

Fp = lim F(U)

zelU
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Important example: Stalks

e Fix a sheaf F: O(X)? = C

Def": (Stalks) F(U) Vo
The stalk of F at z € X is colimit Y
Fpi= lim F(U) v Fo -2 VL
—
zeU %ﬂc
F(V) viv

uuuuuuuuuu
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Important example: Stalks

e Fix a sheaf F: O(X)? = C

Def": (Stalks) F(U) Vo
The stalk of F at z € X is colimit Y
Fy —-3 - VL
I = hm FU H FU v z
weU zeU %ﬂc
F(V) viv

uuuuuuuuuu
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Important example: Stalks

@ Fix a sheaf F: O(X)? = C

FU
Def": (Stalks) ) I
The stalk of F at z € X is colimit \
H U Fp --3 = VL
Fpi= lim FU)= || FU)/ ~
zelU zelU %ﬁc
F(V) viv
F(U) w
\ll}jv
(se F(V) ~ (re FU)) = Fonvy-» TV

wa = 7’|W
f(V) ‘W CALGARY
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A sequence of sheaves on X, 0 — H - F % G — 0, induces a sequence

H(U) L F(U) &= G(U)
N N N
0 Hy —----- L y Fp ——~——- L 3G, — 0
/ / /
H(V) F(V) g(v)
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A sequence of sheaves on X, 0 — H - F % G — 0, induces a sequence

H(U) L F(U) = G(U)
N N N
0 Hy —----- L y Fp ——~——- L 3G, — 0
/ / /
H(V) F(V) g(v)

Remark. The original sequence is exact if and only if

0—->H, = Fp— G, —0

is exact Vo € X.
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Exact

A sequence of sheaves on X, 0 — H - F % G — 0, induces a sequence

H(U) L F(U) = G(U)
N N N
0 Hy —----- L y Fp ——~——- L 3G, — 0
/ / /
H(V) F(V) g(v)

Remark. The original sequence is exact if and only if

0—>Hy > Fr—Gr,—0

is exact Vo € X.

Surjectivity is local!
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The Structure of Geometric Spaces: Category of Ringed
Spaces

Def": (Ringed Space)

A ringed space is a pair (X,Ox) of X € Top, and Ox : O(X)°? — Ring
a sheaf of rings

uuuuuuuuuu
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The Structure of Geometric Spaces: Category of Ringed
Spaces

Def": (Ringed Space)

A ringed space is a pair (X,Ox) of X € Top, and Ox : O(X)°? — Ring
a sheaf of rings

Def": (Maps of Ringed Spaces)

A map of ringed spaces (X,0x) — (Y,Oy) is a pair of maps ¢ : X — Y
and p* : Oy — p,Ox

uuuuuuuuuu
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Inducing Sheaves

e Fix a continuous map f: X — Y and a sheaf F on X over C
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Inducing Sheaves

e Fix a continuous map f: X — Y and a sheaf F on X over C

Def": (Push-forward)

The push-forward of F along f is the pre-sheaf
f+F : O(Y)? = C

given by fLF (V) =F(f~1(V))

uuuuuuuuuu
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The Structure of Geometric Spaces: Category of Ringed
Spaces

Def": (Maps of Ringed Spaces)

A map of ringed spaces (X,0x) — (Y,Oy) is a pair of maps ¢ : X — Y
and ¢ : Oy — ¢, O0x

uuuuuuuuuu
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The Structure of Geometric Spaces: Category of Ringed
Spaces

Def": (Maps of Ringed Spaces)

A map of ringed spaces (X,0x) — (Y,Oy) is a pair of maps ¢ : X — Y
and ¢ : Oy — ¢, O0x

Def": (Sheaf of Ox-modules)

A sheaf of Ox-modules on (X, Ox) is a sheaf 7 : O(X)°? — Ab for
which VU € O(X), F(U) € Ox(U)-Mod

uuuuuuuuuu
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The Structure of Geometric Spaces: Category of Ringed
Spaces

Def": (Maps of Ringed Spaces)

A map of ringed spaces (X,O0x) — (Y,Oy) is a pair of maps ¢ : X =Y
and p* : Oy — p,Ox

Def": (Sheaf of Ox-modules)

A sheaf of Ox-modules on (X, Ox) is a sheaf F : O(X)°? — Ab for
which YU € O(X), F(U) € Ox(U)-Mod

Ox(V)x F(V) — F(V)

ol | & %

Ox(U) x F(U) — F(U)
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Example: Smooth Manifolds Revisited

Eg: Smooth Manifolds Revisited
o Let (M,O)s) be a smooth manifold
o Let TM = HpEM T,M denote the tangent bundle
@ The sheaf V : O(M)°? — Ab of smooth vector fields is a Oy/-Mod
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Example: Smooth Manifolds Revisited

Eg: Smooth Manifolds Revisited
o Let (M,O)s) be a smooth manifold
o Let TM = HpEM T,M denote the tangent bundle
@ The sheaf V : O(M)°? — Ab of smooth vector fields is a Oy/-Mod
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Global sections functor

e The global sections functor, I : Ox-Mod — Ox(X)-Mod, is given
by I'(F) = F(X)

uuuuuuuuuu
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Global sections functor

e The global sections functor, I : Ox-Mod — Ox(X)-Mod, is given
by I'(F) = F(X)

Example of Surjectivity Failure:

o Let X = CU{o0},

uuuuuuuuuu
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Global sections functor

e The global sections functor, I : Ox-Mod — Ox(X)-Mod, is given
by I'(F) = F(X)

Example of Surjectivity Failure:

o Let X =CU {00},

o Let Ay, As, A: O(X)? — Ab
be sheaves of analytic functions,
with the ones in Ag vanishing at
0 and the ones in A, vanishing
at oo

uuuuuuuuuu
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Global sections functor

e The global sections functor, I : Ox-Mod — Ox(X)-Mod, is given
by I'(F) = F(X)

Example of Surjectivity Failure:

o Let X = CU{o0},

o Let Ay, As, A: O(X)? — Ab
be sheaves of analytic functions,
with the ones in Ag vanishing at
0 and the ones in A, vanishing
at oo

o Take the map Ay ® As — A
given by addition

uuuuuuuuuu
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Global sections functor

e The global sections functor, I : Ox-Mod — Ox(X)-Mod, is given
by I'(F) = F(X)

Example of Surjectivity Failure:

o Let X = CU{o0},

o Let Ay, As, A: O(X)? — Ab
be sheaves of analytic functions,
with the ones in Ag vanishing at
0 and the ones in A, vanishing
at oo

o Take the map Ay ® As — A
given by addition

Figure: Riemann Sphere @
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Global sections functor

e The global sections functor, I : Ox-Mod — Ox(X)-Mod, is given
by I'(F) = F(X)

Example of Surjectivity Failure:

o Let X =CU {00},

o Let Ay, As, A: O(X)? — Ab
be sheaves of analytic functions,
with the ones in Ag vanishing at
0 and the ones in A, vanishing
at oo

o Take the map Ay ® As — A
given by addition

@ By Liouville's Theorem A(X) Figure: Riemann Sphere @

uuuuuuuuuu
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Global sections functor

@ The global sections functor, I : Ox-Mod — Ox(X)-Mod, is given
by I'(F) = F(X)

T' is a left-exact functor

Proof Idea: Let 0 — H & F & G — 0 be a SES. This induces a diagram

D(H) = I(F) == I(G)

| | l

0 —— Hy —-Mw-—-> Fp —ta—-> Gy —— 0

uuuuuuuuuu
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Sheaf Cohomology

Remark. We want to measure the failure of I' to be right-exact.

UNIVERSITY OF
CALGAR

Thompson (UofC) Sheaves



Sheaf Cohomology

Remark. We want to measure the failure of I' to be right-exact.

Construction. To extend I', for each 7 € Ox-Mod we “take an injective
resolution” 0 — F — Z, and set

R'T(F) = H*(I'(Z.))

for n € Z>o.
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Sheaf Cohomology

Remark. We want to measure the failure of I' to be right-exact.

Construction. To extend I', for each 7 € Ox-Mod we “take an injective
resolution” 0 — F — Z, and set

R'T(F) = H*(I'(Z.))

for n € Z>o.

Question. Does every F € Ox-Mod have an injective resolution?
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Existence of Sheaf Cohomology

The category Ox-Mod has enough injectives.
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Existence of Sheaf Cohomology

The category Ox-Mod has enough injectives.

Proof Sketch. Fix F € Ox-Mod.

uuuuuuuuuu
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Existence of Sheaf Cohomology

The category Ox-Mod has enough injectives.

Proof Sketch. Fix F € Ox-Mod.
e Vx € X, Ox ,-Mod has enough injectives.

uuuuuuuuuu
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Existence of Sheaf Cohomology

The category Ox-Mod has enough injectives.

Proof Sketch. Fix F € Ox-Mod.
e Vx € X, Ox ,-Mod has enough injectives.

o = Vxe X, Ji,: Fp — I(x) in Ox ,-Mod

uuuuuuuuuu
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Existence of Sheaf Cohomology

The category Ox-Mod has enough injectives.

Proof Sketch. Fix F € Ox-Mod.
e Vx € X, Ox ,-Mod has enough injectives.

o = Vxe X, Ji,: Fp — I(x) in Ox ,-Mod

o Define Z: O(X)? — Ab by Z(U) = [[,.,, Z()

zeU

uuuuuuuuuu
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Existence of Sheaf Cohomology

The category Ox-Mod has enough injectives.

Proof Sketch. Fix F € Ox-Mod.
e Vx € X, Ox ,-Mod has enough injectives.

o = Vxe X, Ji,: Fp — I(x) in Ox ,-Mod

@ DefineZ: O(X)” — Ab by Z(U) = [[,cpy Z(x)
@ It can be shown Z € Ox-Mod is injective, and the induced map
t: F — T is a monomorphism

uuuuuuuuuu
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Applications

A SES of Ox-modules, 0 -+ F — H — G — 0, induces a long-exact
sequence

uuuuuuuuuu
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Applications

A SES of Ox-modules, 0 -+ F — H — G — 0, induces a long-exact
sequence

Canonical Example:
@ Studying global properties of the complex logarithm ®

uuuuuuuuuu
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Thank you for your time!

Any questions?

0

uuuuuuuuuu
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