Let B be an co-topos.

/ Definition (3-Category and B-functors)

C
A B-category C is a limit preserving functor B°® — Cat . Write Cat(B) = FunR(B"p, Cat, ) for the (large) category of B-
categories. A B-functor is a natural transformation of B-categories, and we will write Fung(C, D) := Nat(C, D) for the category
of B-functors.

é Important

Regular (higher) category theory has B = Spc = PShv(x) since FunR(PShv(*)°p, Caty) ~ Fun(x°P, Caty,) = Cate -
More generally, PShv(T')-categories are just Cat-valued presheaves on T'.

/ Definition (Underlying Category)

Given a B-category C, we will call the category, I'C := C(1), given by evaluating on the terminal object 1 € B the underlying
category of C.

We have the Yoneda embedding k() : B — Fun"(B°, Spc) — Fun®(B°, Cat..) giving for each B € B a B-category
B = homp(—, B). Such B-categories are called B-groupoids.

The functor evq : BA' — Bis a cartesian fibration and hence classifies a limit-preserving functor
Qp:B?® — Cat,, B—B/p, fr f"

which is a B-category called the B-category of B-groupoids.

The oo-category Cat(B) is cartesian closed and thus has an internal hom Fun,(C, D) (we will supress the B in the
subscript when B is clear from context) which satisfies I'Fun(C, D) = Funp(C, D).

Analogies with Normal Category Theory

(Paremetrized Yoneda Lemma)

For each B € B, evaluation at idg € B(B) defines a natural equivalence

Fung(B,C) — C(B).




As a consequence there are natural equivalences
Fun,(B,C) ~ C(B x (-))
and

Fun ,(C, D) ~ Fung(C x B, D) ~ Fun(C, Fun,(B, D)).

/ Definition (Q-cocomplete)
Let O be a class of morphisms in BB closed under base change. A B-category C is Q-complete if it satisfies the following conditions:

forevery f : A — Bin Q, the functor f* : C(B) — C(A) admits a left adjoint fi : C(A) — C(B)
For every pullback square,
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in Bwith fin Q, the Beck-Chevalley transofmration f/a* = B* fi is an equivalence.

We will typically assume that Q is local meaning that a morphism f : A — Bisin Q whenever there exists an effective epimorphism
l—liel B; — Bin B such that each of the base change maps Ax gB; — B;isin Q.

/ Definition (Presentable B-category)

A B-category C is presentable if it is fiberwise presentable, that is it factors through PrL, and it is B-cocomplete.

Since Bis an oco-topos, Nz is fibre-wise presentable and since evy : BA'  Bis a Beck-Chevalley fibration, as in
Hopkins-Lurie, then Qg is also presentable.

/ Definition
A B-functor F' : C — D between presentable 3-categories preserves (parametrized) colimits if

For each B € B, the functor F(B) : C(B) — D(B) preserves colimits,

For every morphism f : A — B € BB, the Beck-Chevalley tranformation fi o F'(A) = F(B) o fi is an equivalence.
We will write Fung(c, D) for the category of colimit-preserving B-functors.

/ Definition

Let PrL(B) denote the category of presentable B-categories with colimit-preserving B-functors between them.

Ambidexterity



/ Definition ((Locally) Inductible)
A wide local subcategory @ C B closed under base change is locally inductible if

every morphism g: A — Bin Q locally truncated: there exists a covering (B; — B);c7 (i.e. the induced map Uiel B, — Bis
an effective epimorphism) such that each base change g;: B; x g A — B; is truncated, and
Q is closed under diagonals: every morphism g : A — Bin Q, the diagonal map A, : A — A X g Aisagainin Q.

Furthermore, if every morphism in Q is truncated, we'll say Q is inductible.

Let @ be a locally inductible subcategory of B and C be a Q-cocomplete B-category, then the restriction of C to Q°P can be

unstraightened to a Beck-Chevalley fibration, f(C o) — Q. In this setup, we will define what it means for an n-truncated morphism

q € @ to be C-ambidextrous, which will allow us to construct a map u,(ln) :ide(p) — qig* exhibiting g as right adjoint to g*.

The induction starts at n = —2, where ¢ is an equivalence and is declared to be C-ambidextrous. Since g is an equivalence, the counit map

¢1q* — id¢(p) is an equivalence and p,g_2) : idC(B) — q1q* is defined as the inverse.

Assume now that we have defined what it means for an n-truncated morphism to be C-ambidextrous for some n. > —2 with the required
transformations ,ugﬁ)). In this case, we say that an (n + 1)-truncated morphism q : A — B is weakly C-ambidextrous if its diagonal
A, A — A xp Ais C-ambidextrous (which is well-defined since A is n-truncated). Then from the following commutative diagram

/ Definition (Norm map)

Ifg: A — Bin Q is n-truncated and C-ambidextrous. Then the norm map Nm, : q =5 g« is defined to be the composition

C; oq q. oN\r/nq

Q@ —— qq @ — Gs.
/ Definition (Q-semiadditive)

For Q a locally inductible category, a Q-cocomplete B-category C is called Q-semiadditive every truncated morphismq : A — B
in @ is C-ambidextrous.

é> Remark

Note that even if we cannot talk about an non-truncated ¢ : A — B in Q being C-ambidextrous, the local inductibility condition

on Q allows us to construct a norm map Nmy : g1 — g« anyways.

Examples



To talk about examples that we know, it'll be convenient to introduce a new notion of inductible subcategory in the case of B = PShv(T')

being a presheaf topos.

/ Definition (Pre-inductible subcategory)
Given a replete subcategory Q C PShV(T) containing all representables, we say it is pre-inductible if the following holds:

given a morphism ¢ : A — Bin PShv(T) with B € Q. Then g lies in Q if and only if for each pullback square
in PShv(T') with ¢ € T', the base change g’ also lies in Q.

Q is closed under diagonals.

Every morphism in @ with target in T is truncated.

/ Definition (Locally Inductible Subcategory Generated by Q)
Let @ C PShv(T) be a pre-inductible subcategory. We say g : A — Biis locally in Q if for every morphism B’ — Bin PShv(T)

with B’ € Q, the base change A x g B’ — B’ lies in Q. Since these morphisms are closed under composition and contain all
equivalences, they determine a wide subcategory, denoted Q),., called the locally inductible subcategory generated by Q.

Lemma

As a subcategory of PShv(T'), Qi is locally inductible.

/ Definition (Q-semiadditivity again)

For a pre-inductible subcategory @ C PShv(T'), we say a PShv(T')-category C is Q-semiadditive if it is Qjoc-semiadditive.

T Q Q-semadditivity

& Spc,, (—2 < m < o) m-semiadditivity

3 Spcgﬁ) (-2 < m < ) p-typical m-semiadditivity
Orbg Fing G-semiadditivity

Glo FinGrpdg,iinea Equivariant semiadditivity
Glo FinGrpd Global semiadditivity

Here, Glo C FinGrpd is the subcategory of connected finite groupoids.

Given a six functor formalism D, if we only remember the contravariant functorality, then we have functor
T°P — Cato, Whose limit preserving extension is a PShv(T')-category that is @-semiadditive with respect to the pre-
inductible subcategory @ whose morphisms consist of conomologically proper and étale morphisms in T'.



Twisted Ambidexterity

(WIP)




