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VIRTUAL DOUBLE CATEGORIES

Definition: VDCs

|
A virtual double category ID consists of ' Along with an associative and unital composition
1. A category Tight(ID) of objects and tight, or ! of cells:
vertical arrows ; v v, v
2. For every pair of objects a, b a collection of Lo ’ 7 Gm ‘ ’ 7 G
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3. For every boundary of loose and tight arrows ] <A ha ©z &n In
a collection of cells Ll l l
P1 P2 Pn . bo > by : > > b,
. [ . s ... . (¢ | n
33‘() T 14 x]_ T 14 T 14 33n | Y1 2 ¥
|
|
1 go B g1
f Oy, g 1
|
1 L 4 L 4
" . S :
0 ' 7 Y1
/(p I

Note: Together with VD functors and tight transformations, VDC forms a
(co)complete 2-category with finitely presentable underlying category




PSEUDO VS. VIRTUAL
CONSTRUCTIONS

4 )

(Pseudo-)Double Categories:

* If £ is acategory with pushouts, we have a
double category Cospan(E)

 If (V,Q,I) isa monoidal category with
finite coproducts that are preserved by

&), then we have a double category VMat

 If D is a double category with certain

r

Virtual Double Categories:

reflexive co-equalizers, we have a double
\category Mod(ID) of monoids in D /

* For any category &£, we have a virtual
double category Cospan(€)

a virtual double category DMat

* For any virtual double category D, we

have a unital virtual double category
Q/Hod(]]))) of modulesin D

* For any virtual double category D we have

/




UNIVERSALITY OF VIRTUAL
CONSTRUCTIONS

4 )

Universality of Constructions on Virtual Double Categories:

* For any category &, the virtual double category Cospan(€) is the free
virtual equipment on £ [DPP10]

* For any virtual double category ID the virtual double category DMat is
the free coproduct completion of D [Kaw25]

* For any virtual double category D, Mod(ID) is the cofree normal
completion of D [CS10]

* For any virtual double category D, DIProf = Mod(IDMat) is the free

\collage cocompletion of D [Kaw25] /




PRO-REPRESENTABLE VDCS

Definition: Pro-representable VDCs

A virtual double category D is said to be pro-representable, or exponentiable, if the
functor given by sending a virtual double category A to A X ID admits a right adjoint:

(—)"
/\
VDC T VDC

~_

o /




EXPONENTIALS

Explication: Exponential

If D and E are VDCs for which EP exists, then it
must consist of the following data:

* Objects are functors Tight(ID) —Tight([E)

* Tight arrows are natural transformations

* Loose arrows maps of spans

Tight(D) ¢—=—— Sq(D) ———— Tight(D)

l
\Tight(E) +———— Sq(E) ——— Tight(E)

* n-Multi-cells assign to each n-multicell in D an
n-multicell in [E with the following boundary:

W1, H, v, H,

Foxg ‘ > - ‘ > F,x,
’YO('af) f)/(a) ’71(',9)
D D
Goyo =+ » G

... (cont. on next slide)

/




EXPONENTIALS

Explication: Exponential (cont.)

Where multicells are subject to functoriality with respect to vertical pasting:
UKy Uy Ko v, Ky
Fowy t y Fluw, t > .- + » Fw,
Foho VB Fihy Uy B9 U, 0n Frhn
v W, H, 'l' WoHy v, H, v UK, Uy Ko U, K,

Foxg Y > [ixq t > - - t » Fx, Fowy Frw; ; » » Fw,
Yo(1,f) v(a) nly = vo(!ifh(o v (ﬁ—l—%ﬁ) Y1(LK ghn)
Goyo =+ > Giyr Gozo =+ > G121
Gok [0F) G1k'
Gozo <IEI > G121




PRO-REPRESENTABLE VDCS
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Theorem: Characterization of Pro-representable VDCs

Let D be a VDC, and write D (¢4, ..., @,; Y) =: D(@; Y) for the set of cells with loose

source the sequence @4, ..., ¢,, and with loose target . Vertical pasting can be encoded
by functions

i:D R
JED(g;9) x (D(p,; 91) XTight(D), ** * XTight(), D(@, ; ¥n)) » D(p; )

= k;. Then D is a pro-representable VDC if and only if all

out of co-ends, where (p;

@functions are isomorphisms. /
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Explication: Characterization of Pro-representable VDCs

In terms of pasting diagrams, a VDC DD is pro-representable precisely when forany N = 0 and
any partition N = k; + --- + k,, N-multicells decompose as vertical pastings:

g & g

o > T,y : > - : > T

n

> T, kY " 1"

" 1! 7"
7 ky Yo Y k

> 21

x
o
-2
+—
o
Jaiy
N &
o S
>,
i
=4
v
>,
3
N
3
3

Yo i > Y1

Vn,1) i

L 4
Yo

L 4
+ > U1

and any two decompositions are equivalent up to associativity of pasting with cells in the
center of the decomposition




REPRESENTABLE VDCS

Representable VDCs (i.e. pseudo-double categories) are pro-representable.

Proof ldea:

Zo

£,

~

p

-—T7

cocart

Tm,

cocart

~

cocart

v

1

P2

Pn

n

£y
Ty ———t—> Ty,

fo

Let D be a representable VDC. Then any cell admits a canonical decomposition

11

~

f1

Yo



REPRESENTABLE VDCS 12

Representable VDCs (i.e. pseudo-double categories) are pro-representable.

Proof Idea: (cont.) Any other decomposition below left can be canonically factored through the

composition cells: L , £ , £, X
. Zo . > Ty . > . > T,
Bl & Bn
T . D T . > - . > B cocart cocart cocart
P1 R P2 R Pn R
90 ! g1 Y2 Tn gn To . > T,y ; P 000 . > T,
P1 ‘[' P2 Pn A
20 ; 3 21 ' > .- : > %, = go ’y# g1 ’7# e 'y# 9n
NG ®1 g P2 Pn g
ho I} hy 20 . > 21 . > - . > Zpn
w w
Yo : > U1 ho B hq
¥
w ~
Yo . > U1




‘ COSPANS ARE PRO-REPRESENTABLE

For any category € the VDC Cospan(€) is pro-representable, and it is
representable if and only if £ has finite pushouts.

Ay LA fry B 4,

el [cEE An arbitrary multicell: ; \ / f
Co

. . 0nQ 1
admits a canonical decomposition:

wkl Pkq d’n 1 wmn 1"’1 wmn 1‘*’1 Pmy, d"mn
> Bkl ¢ Akl > 4 mn 1 mn 1+1 } an ¢ Amn

| TERZ
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(—
Q
Ead
&

for any partition of n (the case where k4, k,, = 1 is shown for simplicity).



‘ COSPANS ARE PRO-REPRESENTABLE

For any category € the VDC Cospan(€) is pro-representable, and it is
representable if and only if £ has finite pushouts.

For uniqueness consider the case wheren = 3,k; = 2,k, = 1 as an example. Then an arbitrary
decomposition, below left, can be seen to be equivalent to the canonical decomposition via
sliding cells:

Proof ldea:

Ao ©1 > By 4 Y1 A P2 > By 4 P2 A, ©3 » Bs 4 V3 Ay

\ / I
Ag =23 By 2 A, =224 By 22— A, =224 By 2 A, i n, n, I n £ Ay =29 By 2 A, =225 By 2 Ay 224 By 2 A,
N/ ! \ / Il 1 N/
% Ry hi 1 A % Aj = > B] ¢ 7 Al = + B ¢ o Al fo ha ha oz hs3 f
\ / [N | \/ |
A ~ B, - Al = + Bl < = Al = b ny ay Ry 3 = Co = D, D, Dy Ch
\ / hd ‘l W ~
1 Y hy Z Co = D, D, Dy —— 4
~ \ / W
Cy i > Dy ¢ = (&) Co i > Dy ¢ S Cy

Cg > D1 ¢ Cl
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NON-PRO-REPRESENTABLE VDC

Non-example: Non-unital Walking Loose Arrow

The VDC LLoose consisting of two objects 0 and 1 and a single loose arrow 0 + 1 is not pro-

representable. Consider the diagram and colimit C in VDC depicted below:
P

Tight Zo i > Ty
/ \
Trg Sq1 o/ f1 I6; f2
1. |
tl lt .m o ¥1 Y1 w2 Y2
Loose LLoose g0 ¥ g1
Sqa 20 ; > 21

Then C X Loose has two non-identity cells, while the VDC obtained by applying —X ILoose to
the diagram before taking the colimit only has one.




Modules in exponential VDCs:

MODULES IN EXPONENTIAL VDC b

Explication: Modules in Exponential

If I and [E are VOCs for which ET exists, then the VDC Mod(E™) consists of the

following data:

= Anobjectisa VD functor F: ¥ — E

« Atight arrow is a tight transfermation between VD functors

= Aloose arrow Is a VO functer F; Loose, x I — [E, where Loose,, is the
unital walking loose arrow

= An n-multicell is a diagram with boundary as below, satisfying certain

equivariance identities ) , 5
Fp ———t - ———— Fy

Roadmap:



MODULES IN EXPONENTIAL VDC

Explication: Modules in Exponential

If D and E are VDCs for which EP exists, then the VDC Mod(E®) consists of the

following data:

 Anobjectisa VD functor F:ID — [E

* Atight arrow is a tight transformation between VD functors

* Aloose arrow is a VD functor F:ILoose, X D — [E, where Loose, is the
unital walking loose arrow

* An n-multicell is a diagram with boundary as below, satisfying certain

equivariance identities v, v,
Fy —_— — F,

o 7s) F aq

K Go <i> » G4 /

17



MODULES IN EXPONENTIAL VDC

Explication: Modules in Exponential (Inner Equivariance)

Wiy,i-1]

v,

F;

Wit

Yiit2,n)

Inner equivariance requires that the pasting diagrams below are equal forany 1 < i < n:

Fy > Fi1 > F; > F; > i > F,
idy, , U, (cocart) idg,,, idy, ., .,
Wi,i-1] U, \ 2} Yiit2,n)
Fy + » F;_ + > F; + » [y ' > I,
g aq
+ <+
Go > Gl
Wi,i-1] v, F, Uity Y(it2,n]
Fy t y F; 1 t » F; > F; + > Fi+1 t y [,
1d\I’[1,171 idy, Wi (COCBI’T.) ld‘l’[1+z,n]
—_ Wi1,i-1) 5 Wit1 Yiit2,n]
— FO t > Fq;_l u > Fz u > Fi+1 t > Fn
@q ]_"
Go
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MODULES IN EXPONENTIAL VDC €

Explication: Modules in Exponential (Outer Equivariance)

Outer equivariance requires we have the two pasting equalities below:
Yi,n—1 v, Fr Yi,n—1) v, Fp
Fy . y By . > F, . > F, F, — F . > F, ‘ y F,
ide;, ,,_y ¥, (cocart) o r a1 fe%] a1
Wi n— v,
Fy S > Fr1 ' B, = Go A Gy & G1
oo r a ®(cocart)
Go Y Gl GO > Gl
Fo Wy Yi2,n) Fo L1 Yi2,n)
Fy f » Fy t » [ t y F, Fy » Iy ; » I t y F,
\Ill(cocart) id\I’[z,n] %) () g r ay
Ty Vi2,n) ~
Fo . > Fy . F, = Go & > Gy A G,
o r o ®(cocart)
GO - > Gl Go + > Gl




KEY TAKEAWAYS 20

« VDCs provide the necessary flexibility to
characterize universal properties of double
categorical constructions

« Exponentiable VDCs are those admitting
essentially unique cell decompositions

FUTURE DIRECTIONS

Characterize exponentiable maps between
VDCs

« Determine what (co)limits and construction
pro-representable VDCs are closed under

» Explore properties of enrichment using loose
bimodules
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