Twisted Ambidexterity via Spivak Data

Introduction/Motivation

These notes are for a 30~40 minute talk on twisted ambidexterity in terms of
Spivak data as appearing in Section 3.1-3.3 of the paper Parametrised Poincare

Duality and Equivariant Fixed Points Methods!'], which was given as part of an
Ambidexterity seminar at UIUC in Fall 2025. In the paper Hilman, Kirstein, and
Kremer us the theory of parameterized oco-categories to formulate and prove
results about equivariant Poincare duality and its applications to fixed point
methods. In the process of their work they provide a generalization of Bastiann

Cnossen's theory of twisted ambidexterity[z] to the context of parameterized oo-
categories which are not necessarily locally presentable using a description
analogous to the data for classical Poincare duality theorems.

Let's recall the classical Poincare duality picture:

Classical Poincare Duality

for a closed d-manifold M, there exists an infinite cyclic local coefficient
system O on M and a class [M]| € Hq(M; O) such that the cap product
with [M] induces, for every local coefficient system n on M, the
isomorphisms

[M] N —: H*(M;n) - H(M;n® O)

Alternatively we can formulate the statement in terms of local systems of specitra.
Let M : M — * be the unique map to a point, where we view M € S as a
space, forgetting its geometric structure. Then we get adjunctions

M,

L TN

SpM «+— m*— Sp
N~ A
M.
For a local system £ € SpM, we view M\ & = colimy; & (resp. M,.& = limy; &) as
the homology (resp. cohomology) of M with coefficients in the local system &.
This becomes precise once we take homotopy groups if £ is a constant local
system at a spectrum. For example, the Spivak normal fibration of a smooth



manifold M allows us to construct a ®-invertible local system

Dy € pic(Sp)M C Sp™. The stable Pointryagin-Thom collapse map then can
be viewed as a map ¢ : S — M, D, which from our perspective that M, D,
represents H, (M; D) represents the fundamental class for M. We will
describe later how we can form a cap product with the fundamental class as a
morphism in Fun(Sp™, Sp):

e —: M.(—) = My(— ® Dy)

and Poincare duality can be interpreted as the requirement that this
transformation is an equivalence. This can be seen to be a reformulation of
twisted ambidexterity, where Dy is the dualizing sheaf of M. More generally,
this can be done for any compact space X. We say a space is a Poincare space
if it has a dualizing sheaf that takes values in invertible spectra pic(Sp).
Consequently, all closed manifolds are Poincare spaces.

Spivak Datums and Twisted Ambidexterity

Before defining the general theory let's motivate through classical Poincare
duality.

Classical Poincare Duality

For a closed smooth manifold M¢, an embedding M — RY gives rise to a
collapse map

c: SN — Th(V(M‘—>RN))

where Y sk is the normal bundle of the embedding. The stable
homotopy type of this map doesn't depend on the choice of embedding,

so we obtain a well-defined class [¢] € HN(Th(u(M%RN))) ~ Hy(M;0,),

where the isomorphism is the Thom isomorphism and O, denotes the
orientation local system for v. Classical Poincare duality says that

[e] N —: HY(M) — Hy,4(M;0,)
is an isomorphism.
This motivates the definition of Spivak data. Throughout we fix an co-topos B

which we work internal to. For an object X € B, we write X : X — x for the
associated map to the terminal object.



=) Spivak Datum

Let X € Band C a symmetric monoidal B-category which admits X-
shaped colimits. A C-Spivak datum for X consists of

(i) an object € € Fun(X, (), called the dualizing sheaf;
(ii) a map ¢ : 1 — X\£ in C called the fundamental class (or collapse
map).

Capping Map

Let C be a symmetric monoidal B-category which admits X-shaped limits
and colimits and satisfies the X-projection formula (i.e. the Beck-Chevalley
transformation PF{* : Xi(€ ® X*(—)) — Xi1£ ® (—) is an equivalence for all
€€ QX). For each C-Spivak datum (&, ¢) on X we can construct a natural
transformation

X, (id®e

¢ - Xo(-) 5 X @ Xu(-) e Xi(E@ XX (-) ), Xy(e

which is a morphism in Fun(C%, C).

Fundamental Class from a Capping Map

Given a natural transformation ¢ : X,(—) — X,(£ ® —), and writing
n:id — X, X for the adjunction unit, we obtain a collapse map as the
composite

clpse(t) : e B X, X g = X\(£® X*1¢) ~ Xié

where in the last equivalence we are using the projection formula.

o= Collapse map for Capping Map

There is an equivalence clps¢(c N¢ —) =~ ¢ € Map¢(I¢, X1€).

Proof.
Consider the commutative diagram



1c 7 » X X*1¢

c c®—

» X1E @ X X" 1¢

N

—®n

PFX PFX

Xi(§® X" le) —F=— Xi(@ X" X X"1¢)

€ x *

Xi(E®@X"1e) — Xi§

Then the top composite is precisely clpsé(c N¢ —) while the bottom composite is
equivalent to ¢ by the triangle identity.
EI *%%

We will see that the capping maps produced from Spivak data often intertwine
the left and right Beck-Chevalley transformations.

Module Pushforwards from Multiplicative Basechanges
Suppose we have:

Symmetric monoidal B-categories C, D,

A symmetric monoidal parameterized colimit-preserving functor
U :C— D as well as a C-linear functor F' : C — D using the C-linear
structure on D coming from U,

Amapr:J — Kin Catp
C and D admit left Kan extensions along 7.

Then for (€, ¢) a C-Spivak datum for r, we define
(¢,d) = (U(€),U(e) : 1ps — U(r€) =€)

as the associated D-Spivak datum for r. The data also gives symmetric
monoidal functors 7* : C& — €7 and r* : DX — D?, from which we can
upgrade the functors FE : & — DX FZ.¢l - DI to CE- and a ¢Z-
linear one, respectively.

The main examples of this structure that will be important is:



(i) When F' = U and the C-linear structure is given by the symmetric
monoidality structure UA ® U(—) = UA® —)

(i) When C =D, U = id¢, and F = A ® — for some fixed object A € C, so
that the C-linear structure_on F'is the tautological one given by

idB) @ A® —~A®B® —

coming from the symmetric monoidal structure on C.

Twisted Ambidexterity

Throughout let C be a symmetric monoidal B-category which admits X-shaped
limits and colimits and satisfies the X-projection formula (for example this holds
when C is a presentably symmetric monoidal B-category).

= Twisted Ambidexterity

A C-Spivak datum (&, ¢) on X is twisted ambidextrous if the capping
transformation ¢ Ng (=) : X«(—) — X1(§ ® —) is an equivalence.

Note that we also have a relative version of this definition, where for an object
Y < B we can use the basechange adjunction 7y, : B < By : (my)s,.

(=) Twisted Ambidextrous Map

Consider amap f: X — Y in B and a symmetric monoidal B-category C
such that the B/y-category (my)*C admits f shaped limits and colimits
that satisfy the f-projection formula.

A C-Spivak datum for f is a (mwy)*C-Spivak datum for f € B,y. We say that
such a Spivak datum exhibits f as a C-twisted ambidextrous map if it
exhibits f € By as a (my)*C-twisted ambidextrous object.

We now show that in the presentable case twisted ambidextrous Spivak data are

unique and that the notion of twisted ambidexterity is equivalent to that in[2-11.

o= Twisted Ambidextrous Spivak Datum giving Adjunction

Let (&, ¢) be a twisted ambidextrous C-Spivak datum for X € B. The
adjunction X* - X, induces an adjunction X* 4 X1(£ ® —) whose unit is
given by




id(—) 2% id(1) @ Xt S X (X)) = Xi(— ® ) 0 X*(—)

Proof.

The fact that the equivalence X.(—) ~ X1(£ ® —) induces an adjunction
X* 4 X\(€£ ® —) follows from the uniqueness of adjoints (c.f. properties of
adjunctions in infinity categories). For the description of the adjunction unit,
observe that we have the commuting diagram

(1) — & (e Xt —2 X (X (—) ©¢)

|
n‘/ n®X!£‘/ Xi1(X"n®E)
!

where the bottom composite is the capping equivalence (pre-composed with
X*(—)) and the right triangle is by the triangle identity. Thus, the claimed map is
compatible with the unit n : id — X, X* under the capping equivalence

cNeg—: X, (=) = X (£ ® —), as desired.
I:l***

Note that if C € CAlg(Pr%) and if X* : C — C% is an internal left adjoint in
Modc(Prg), then its right adjoint must be of the form X,(Dx ® —) for a unique

D )_([2_2].

The Presentable Case for Twisted Ambidexterity

LetC € CAlg(Pr%) be a presentably symmetric monoidal B-category and
X ek

(1) If X* is an internal left adjoint in Mod¢(Prg) with right adjoint
X1(Dx ® —), thenthe unitmap ¢ : 1¢ — Xi1(X*1¢ ® Dx) ~ X\ Dx
forms a C-twisted ambidextrous Spivak datum (D, c) for X.

(2) If (&, ¢) is a C-twisted ambidextrous Spivak datum for X, then the
map

()25 (£) ® Xt ~ Xi(X*(—) ® )

is the unit map of a C-linear adjunction X* 4 X (— ® £)




In particular, if (&, ¢) and (¢, ¢’) are twisted ambidextrous Spivak data, then
there is an equivalence € ~ &' so that the composite 1¢ 5 Xié~ X ¢ is
equivalent to ¢’.

Combining this result with Proposition 3.8 inl*-3] we see that X is C-twisted
ambidextrous in the current sense if and only if it is in Bastiann Cnossen's sense,
and in this case the twisted norm map Nmy : X,(Dx ® —) — X.(—) is an
equivalence with inverse the map Nmy' (1) Np, (-).

(=) Twisted Ambidextrous Objects in Presentable Case

Let C be a presentably symmetric monoidal B-category. An object of Bis
called C-twisted ambidextrous if it admits a (necessarily unique) twisted
ambidextrous Spivak datum with coefficients in C.

For a twisted C-ambidextrous object X € B, its associated Spivak datum is
(Dx,Nmy'(1)).

Poincare Duality

The notion of Poincare duality comes from a special case of twisted
ambidexterity where the local system for the Spivak datum takes values in tensor
invertible objects.

(=] Poincare Spivak Datum

A Spivak datum (&, ¢) for X with coefficients in C is Poincare if it is twisted
ambidextrous and £ takes values in Pic(C).

In the case that C is presentably symmetric monoidal, we say that the object X
itself is C-Poincare if it is twisted C-ambidextrous and the unique twisted
ambidextrous Spivak datum (D, c¢) is Poincare.

Again we can also define the relative version:

(=] Poincare Duality Maps

Consider amap f: X — Y in B and a symmetric monoidal B-category C
such that the B y-category (my)*C admits f-shaped limits and colimits




and satisfies the f-projection formula. We say that a C-Spivak datum for f
exhibits f as a C-Poincare duality map if it exhibits f € By as a (wy)*C-
Poincare duality object.

Poincare Duality from Higher Semiadditivity

(1) For any topos B and any symmetric monoidal B-category C, the
terminal object * has the tautological Poincare C-Spivak datum

(¢, idy,).

(2) If Cis pointed, then the map 0 — X in Bis C-Poincare

(3) If C is semiadditive, then any finite fold map V : | |7 ; X — X is C-
Poincare

(4) More generally, Poincare spaces with trivial dualizing sheaf come
from the theory of higher semiadditivity (c.f. Introduction to
Semiadditivity and[3])

Degree Theory

One of the important applications of the Spivak datum perspective is that it allows
us to define a notion of degree for maps between Poincare spaces, which
becomes an important computational invariant.

Motivation: Classical Degree

Recall that given a map f : X — Y between closed connected manifolds
of the same dimension, we can assign to it a degree if fis compatible with
the orientation behaviour of X and Y. Namely, given an identification

Ox ~ f*Oy of orientation local systems, the degree is given by the image
of [X] under f, : H,(X;0x) — H,(Y;Oy) = Z.

In order to generalize this to our current setting we'll need versions of
(co)homological functoriality:

(Co)homological Functoriality

Consideramap f: X — Y in B and a B-category C which admits X- and
Y -shaped (co)limits. We obtain transformations

BC/: X,f* > Y, and BC!:Y, - X,f*



of functors C¥ — C coming from the left and right Beck-Chevalley
transformations, respectively, associated to the commuting triangle

fY* ~ X* We call BC{c the homological functoriality map and BC,{ the
cohomological functoriality map.

(=] Degree of a map

Consideramap f: X — Y in B and a symmetric B-category C which
admits X- and Y-shaped (co)limits and satisfies the X- and Y -projection
formula. Suppose we have Spivak data (€x, cx) for X and (§y,cy) forY. A
C-degree datum for f is an equivalence

a:éx — fey

in Fung(X,C). We define the C-degree of (f, a) as the point
dege(f, @) € Map(lle, Yi€y) given by the composite
Cx X!a * BC}f
le— Xiéx — X1 f§y — iy
We say that an equivalence cy ~ deg.(f, o) exhibits f as a map of C-

degree one.

Commutative Monoid of Degrees

If the Spivak datum (&y, cy) is C-twisted ambidextrous, then the
equivalence cy Ng, 1¢ : Y, Y *1; ~ Y&y endows Y:{y with the structure of
a commutative algebra in C. This gives Map(l¢, Y1€y) the structure of a
commutative monoid in S with unit cy.

B = S with Presentably Symmetric Monoidal Coefficients C

Let f: X — Y be a map of connected Poincare spaces of the same formal
dimension d. We consider situations when a degree datum exists for the
map f with the Poincare Spivak data (Dx,cx) and (Dy, Cy) for X, resp.
Y.

(1) C = Modp,, a degree datum exists uniquely since
Pic(Modp,) ~ Z x BAut(IFy) ~ Z x % has contractible components.



(2) For C = Modz, writing w1 (—) for the first Stiefel-Whitney class of a
space, a degree datum exists if and only if

frw(Y) = wy(X) € HY(X;F,). On homotopy groups the composite
X\ Dx ~ X, f*Dy — YDy then identifies with

f* : Hd+*(X; OX) — Hd—l—*(Y; OY)

where Ox and Oy denote the orientation local systems. The degree is
then given by f«[X] € Ha(Y; Oy) = mo(Map(1mod,, Y1Dy)), and
agrees with the classical definition of the degree.

(3) In surgery theory, one is often provided with a normal map

f: X — Y so that we have homotopy equivalences

(X Ly BOx7Z)~ (X — BO x Z)
(X — BO x Z 5 Pic(Sp)) = (X 25 Pic(Sp))
and

(Y = BO x Z. % Pic(Sp)) = (Y =% Pic(Sp))
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